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Abstract

Heat transport at the microscale is important in microtechnology applications. The
heat transport equations are parabolic two-step equations, which differ from the tradi-
tional heat diffusion equation. In this study, a hybrid finite element - finite difference
(FE-FD) method for solving the parabolic two-step heat transport equations in a three
dimensional irregular geometry double-layered thin film exposed to ultrashort-pulsed
lasers is developed. It is shown that the scheme is unconditionally stable with respect
to the heat source. The method is illustrated by three numerical examples in which

the temperature rise in a gold layer on a chromium padding layer is investigated.



NOMENCLATURE

Cle volumetric heat capacity of electron gas (e) and metal lattice (1)
C, volumetric heat capacity

G electron-phonon coupling factor

J laser influence

K thermal conductivity

K. M conductance and capacitance matrices, respectively
N number of elemental nodal points

ﬁ unit outward normal vector

Q heat flux

R reflectivity

r, mesh ratio, %

S source term

T, T, temperature function

t time

tp laser pulse duration

w weight function

0 laser penetration depth

82 second order finite difference operator

Vv, V2 gradient and Laplace operators, respectively

At, Az  time increment and grid size, respectively

ay generalized coordinates

b, eigenvector

v specific heat coefficient

%) basis and weighting function designation
Ap eigenvalue



1 INTRODUCTION

Multi-layer thin films are important components in many micro-electronic devices. These
films are often used when a single film layer is insufficient to meet device specifications. The
continued reduction in component size has the side effect of increasing the thermal stress on
these films and consequently the devices they comprise. Thus the transportation of thermal
energy through thin films is of vital importance in micro-technological applications.

Understanding the transfer of heat-energy at the micro-scale is important for thermal
processing using a pulse-laser [1]. Often, micro-voids may be found in processed devices.
This is due to thermal expansion. Such defects may cause an amplification of neighboring
defects resulting in severe damage and consequently the failure of the desired device. Thus
a complete understanding of thermal dissipation and defects is necessary to avoid damage
and to increase the efficiency of thermal processing.

Micro-scale heat transfer differs from macro-scale heat transfer in some important ways.
On the micro-scale, energy transport is governed by lattice-electron interaction in metallic
films. Macroscopic energy transport relies upon a heat diffusion model based on Fourier’s law.
This loses accuracy on a micro-scale because of its emphasis on averaged behavior over many
grains. Research has resulted in an energy equation which captures both the classical heat
equation and thermal waves in the same framework [1, 2]. The energy equations describing
the continuous energy flow from hot electrons to lattices can be expressed as a parabolic

two-step model [3, 4]

Cea;;e — VT, — G(To—T) + S (1)
o1,
ol — ar,-m) @)

where T, is electron temperature and 7} is lattice temperature. Also, x is the thermal
conductivity, C, and C} are the volumetric electron heat capacity and the volumetric lattice
heat capacity respectively. G is the electron-lattice coupling factor and S is the strength of
the laser heating source. The standard notation V? is the Laplace operator.

In classical (macro scale) heat transfer, the electron and lattice temperatures are assumed

to be equal. Thus this system reduces to the classical model when such an assumption is



made. However, for sub-picosecond pulses and sub-microscale, the laser energy is absorbed
primarily by free electrons confined within the thin material layer. This energy is then
transferred to the lattice resulting in a lag between the excitement of the electrons and the
transfer of energy to the lattice. As the duration of the laser pulse is short, the source of
heat is turned off before thermal equilibrium between electrons and lattice is reached. This
necessitates a two step model for describing energy transfer in such a situation. Egs. (1)
and (2) and its consideration over classical energy transfer models has been discussed in [2].

Analytical and numerical solutions for solving Egs. (1) and (2) have been widely studied
[2-53]. Among these, Qiu and Tien [1, 3-6] studied the heat transfer mechanism during short-
pulse laser heating of metals using both numerical and experimental methods. Joshi and
Majumdar [7] obtained numerical solutions using the explicit upstream difference method.
Tzou and colleagues [2, 8-14] modified Egs. (1) and (2) to a dual lag phase heat transport
equation and studied the lagging behavior by using the Laplace transform method and the
Reimann-sum approximation for the inverse. Ho et al. [15-16] studied heat transfer in
a multilayered structure using the lattice Boltzmann method. Chen and colleagues [17-
21] employed the corrective smoothed particle methods to solve a dual-phase-lag diffusion
model. Al-Nimr et al. [22-27] investigated the phase lag effect on non-equilibrium entropy
production and studied the effects of radiative and convective thermal losses during short-
pulse laser heating of metals. They [28] also investigated the validity of the two-step model
under harmonic boundary heating. Lin et al. [29] obtained an analytic solution of the dual-
phase-lag model using Fourier series. Antaki and others [30-32] presented a solution of dual
phase lag heat conduction in a semi-infinite slab and investigated the effect of dual phase lag
heat conduction on ignition of a solid. Tang and Araki [33] derived an analytic solution in
finite rigid slabs by using Green’s function and a finite integral transform technique. Smith
et al. [34] presented an analytical and numerical analysis for nonequilibrium heating in metal
films. Lor and Chu [35] studied the propagation of thermal waves in a composite medium
with interface thermal boundary resistance. Dai and Nassar [36-43] developed several finite
difference schemes for solving a dual-phase-lag heat transport equation. Prakash et al. [44]

investigated the non-Fourier microscale effect using a numerical method based on the finite



element method and Runge-Kutta method. Wang et al. [45-48] analyzed the well-possedness
and solution structure of 1D, 2D, and 3D dual-phase-lag heat transport equations. Kim and
Daniel [49] studied an inverse heat conduct problem for nanoscale structure using sequential
method. Lee et al. [50] investigated the transfer characteristics of a silicon microstructure
irradiated by ultrashort pulsed lasers. Tsai and Hung [51] studied thermal wave propagation
in a bi-layered composite sphere using the dual-phase-lag heat transport equation. Srinivasan
et al. [52] proposed a parallel computation for microscale heat transfer in multilayered thin
films. Recently, Dai and Nassar [53] have developed a three level in time finite difference
scheme for solving the parabolic two-step heat transport equations in a 3D double-layered
rectangular thin film exposed to ultrashort-pulsed lasers. In this article, we extend our study
to the case that the double-layered thin film is irregular in the planar direction and develop
an unconditionally stable FE-FD hybrid scheme for solving the parabolic two-step model.
We employ the hybrid FE-FD method because of the nature of the geometry, where the
thin film is irregular in the planar direction and regular in the z-direction. It should be
pointed out that the hybrid FE-FD method has been widely employed in many research
areas [37,41,54-63].

2 FE-FD Scheme

Consider a double-layered thin film with thickness of order 0.1 m and with length and width
of order 1 mm, which is subjected to a sub picosecond pulse irradiation, as shown in Figure

1. Based on Eqgs. (1)-(2) the governing equations can be written

(m)
Cém)a% _ ,{(m)v2Te(m) _ G(m) (Te(m) _ E(m)) + S(m) (3)
O™ _ om epmy _
e~ ozt — 1) @

where m = 1, 2. The initial condition is

Te(m)(x, y,2,0) = Tl(m) (,y,2,0) =T, (5)



where Tj is the ambient temperature. The boundary conditions are assumed to be Neumann

boundary conditions

ore™ 1™
R ©)

where 77 is outward unit normal vector. Such boundary conditions arise from the case where
the film is subjected to a short-pulse laser irradiation. Hence, one may assume no heat loss
from the film surfaces in the short time response [2].

At the interface, we assume perfect thermal contact
Te(l) — Te(2)7 7}(1) — 7}(2) (7)

rKOVTY = g@vT? (8)

The exact solution is difficult in general to obtain due to the irregular geometry. Hence
we develop a hybrid finite element - finite difference scheme for solving the above initial
and boundary value problem. To this end, we first employ the finite element method to the
planar direction. That is, multiplying Eq. (3) by a testing function w and applying Green’s
formula and the boundary, Eq. (6), we obtain a weak form as

cm) // am wdzdy — m)% oT{™ wds—Hi// g;m ZZ’ agy gw)d dy

—|—// G (1™ —Tl( )wdxdy—i—//Sm wdzdy
D D

. (9)

We define the test functions as

Np Np
T (2, y, 2,t) = S (T), (2, O, (,y), T (@,y,2,8) = S (T, (2,00, (z,y)  (10)
p=1 p=1

where ¢, (7,y) is a basis function, and N, is the number of points in the xy cross section.
. . m Np m .

Further, the source term is written as S;(l ) = p;l S\ (z,y). Letting w(z,y) = ¢,(,y)

and substituting T, by (™), in Eq. (9), we obtain

o(T ™) Ggo dp, Op, dp
(m)— m) pZ¥q  Z¥pZrg
> Cf // @, drdy+ Z p/D/ 5 9y 9 Dy Ydxdy
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/ [ ¢ypdody+ Z GTE), = (™)) [[ oyegdady
D
— Z Sf,m)/ pp drdy
p=1 D
= 0, (11)
and

an // oy qdady— sz> (T, = (™)) [[ eppadady =0 (12)
D

where ¢ = 1,..., N,. Denoting mg, = [/p ¢,@,dvdy and kg, = ffD(ai” Oeq 4 aff a(pq)dxdy, we

rewrite Eqgs. (11) and (12) into matrix form

o2T(m

cimM S+ KMKT — MM 05 e MM(T™ — Ty =MS  (13)
and )
T . o
C m>M% — GUIM(T™ — T™) = 0 (14)

where M and K are the capacitance and conductance matrices, respectively.

Egs. (13) and (14) are then discretized using the finite difference method as follows

compg T = (TR e (L™ 4 2(TE ) + (T
¢ 2At
mpgse D+ 2T + (L)
4
+G<m>M[<T<m>>"“ + AT+ (! (G + AL+ (G
4 4
= M) (15)
and
T(m))n+1 (T(m )n 1
O(m)M( l k l
: 2At
g T 2+ (T (G 4 2+ ()
4 4
= 0 (16)



where (ﬁm))g is the approximation of fe(m)(k:Az,nAt), kE=0,1,---,N, + 1, and &7 is the

e

second-order central difference operator. The interfacial equations are discretized as follows

— —

(1) (Te(l))}l\/z—&—l — (Te(l)ﬁ(/z — K(Z) (Te(2))rll — (Te@))g (17)
Az Az

K

(TR = (T3 (18)

e

Since Egs. (15) and (16) are three-level in time, we assume

(T = (™) = (T = (T™) = Ty (19)

€ €

The boundary conditions are assumed to be

n = n _'\1 n _'1 n rad n rad n _'\2 n _'\2 n
(TD)s = (T, (T)e = (T, (TP)s, = (T 1, (L)% = (T)% o (20)

€ e e €

Based on the FEM, Eqgs. (11) and (12) are the first-order approximations of Egs. (7) and
(8) while the truncation errors of Eqgs. (15) and (16) are O(At? + Az?).

3 NUMERICAL METHOD

We now analyze the stability of the above scheme, Eqgs. (15)-(20), with respect to the source

term. To this end, we consider the following eigenvalue problem
K¢, — \Mg, =0 (21)

where ), is the eigenvalue corresponding to the eigenvector ¢,. Since K and M are symmetric
positive definite, we assume that the eigenvectors are orthonormalized with respect to the
capacitance matrix M such that
¢ Mo, = &y (22)
where 0,; is 1 if p = j and 0 if p # j. Then multiplying Eq. (21) by gzﬁjT and using Eq. (22)
yields
ST, — Ay = 0 (23)
implying that the eigenvectors are also orthogonal with respect to the matrix K. Further,

Ap > 0 since K is positive definite. As the eigenvectors form a basis for the semi discrete
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system in our system, the solution Tm) may be represented as a linear combination of the

eigenvectors,
5 Np . Np
T (2, 2,t) = S (al (2,0))ppp(2,9), T (2,9, 2,8) = (™ (2,8))pp,(2,y)  (24a)
p=1 p=1
— Np
ST =380 (2, )0, (2, ) (24b)
p=1

where (a(™), and (o™

))p are the generalized electron and lattice coordinates respectively.
Substituting Eq. (24) into Egs. (15) and (16), pre-multiplying by gbg, and using the orthog-

onal properties in Egs. (22) and (23) leads to the result

om) (aém))gljl _ (agm));];1 WD (aém));fljl + 2(O‘ém))2k + (agm));gl
¢ 2At P 4
(m)
K; m n m n m n—
_4AZ2 63[(@2 )>pljl + 2(@2 ))pk + (Oég ))pk 1]
G(m) mhn m)\n m)\n— m)\n m)\n m)\n—
Ll 200l )+ ()t = (™) = 200 e — (o™ )
= (5", (25)
o) (Ozl(m));‘il - (sz(m))gk_l
! 2At
G(m) (m)\n+1 (m)\n (m)\n—1 (m)yn+1 (m)\n (m)yn—1
_T[(ae )pk: +2(ae )pk: + (ae )pk - (al )pk’ - 2(Oél )pk - (al )pk’ ]
=0 (26)
(D (agl))gNzH — (g );Nz _ @ (QEQ))Z - (0‘9));} (27a)
Az Az
(@M)pn, 41 = (@@, (27b)
and
(al™)or = (@™ i = (@™} = (af™ )i = [(@™ o] (28)
(0421));0 = (agl));fb (ae2))ZNZ+1 = (aez))ZNz (29a)
(5o = (@ s (@ Npwsr = (1) (29b)

for any time level n. Hence, the analysis of the stability of the scheme, Egs. (16)-(21), can
be switched to analyze the stability of the scheme Egs. (25)-(29).
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We now employ the discrete energy method [64] to analyze the stability of the above
scheme with respect to the source term. Let Sj, be a set of {u" = {u; }, with uj, = u3; and

Upy, = Upy, 1)+ For any u”, v € Sy, the inner products and norms are defined as

NP Nz 9
(u™,v") = Az Y upon, [[ut]]T = (u", u")
p=1 k=1
NZ’ Nz+1
vau"H? = (Vzu", V") = Azz Z Vzup, Vg,
p=1 k=1

We also define V,Uy, = Uy 1—Uy and VU, = Up—Uy_1, the forward difference and backward
difference operators respectively. It can also been seen that the central difference operator
satisfies (5? =V,V;:U,.

Lemma 1. For any u™ € S},

[up ™+ 2upy + e T — up ] = [up™ + up]® — [upy, +upe ) (30)

Lemma 2. If (a{™)" = 1,2, are the solutions of Egs. (25)-(29), then

pks

A2262 a4+ 2(af)m + (@M)m - [(e)m + 2 + (o) ]

DAz Z 2@t + 200 + (@@ '] - (@)t + 2P + (@) ]
Nz+1
= —rWAz 37 (V@) + 2(al)p + (@) '])?
k=1
N.+1
- (2)AZ Z (Vf[<a62)>n+l + 2(ae2))pk + (aeQ))pk ])2 (31)
k=1
Proof. We let u,, = (agl));‘“ + 2(a§1));} + (agl))gfland Vpke = (aff))g“ + 2(04((32));‘ +
(aP)n~L. Based on Eqgs. (27) and (29), the left hand side (LHS) of the equation can be
expressed
N
LHS = kWAz Z [(upk—H - upk) - (upk - upk—l)]upk
k=1
N
®Az Z [(Upr1 — Vpr) — (Vpk — Vp—1) ] Vpk
k=1
N>+1 N,
= WAz Y37 [(uph — tpp)] g1 — KOVAZ Y7 [(ph — tpr1)] - upi
k=2 k=1
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N.+1 N
+x@ Az Z [(Upk - Upk—l)] *Upk—1 — kP Az Z [(Upk - Upk—l)] " Upk

k=2 k=1
N.+1 N.+1
= kWAzZ Y [(upe — tph—1)] - tpp—1 — £V AZ DT [(uph — 1)) - Ui
k=1 k=1
N.+1 N.+1
+5@ Az Z Kvpk - Upkfl)] * Upk—1 — P Az Z [(Upk - Upkfl)] " Upk
k=1 k=1

—i-/i(l)AZ(upNzH — UpN, )UpN. +1 — “(Q)AZ(UPI — Up0)Vp0

_K(l)AZ(upl — Upo ) Upo + ’{(Q)AZ(U;DNZ—H — UpN. )UpN. 41

N:+1 N:+1
= WAz > Vg - Vit — YAz > Viupe - Vv
k=1 k=1

which is the RHS of Eq. (31).
Theorem. Suppose that (U{™), and (Ul(m))'gk, (Vm)n and (Vl(m))gk are solutions

of the proposed scheme in Egs. (25)-(29) with the same initial and boundary conditions

but with different source terms. We represent (ef™)r = (U™, — (V™))% and (q(m) i

p e e pk
= (Ul(m));jlC — (Vl(m))gk, m = 1,2. Then for any n in 0 < nAt < tg, (agm>)gk and (sl(m))gk,
m=1,2,

F(n) < ™ F(0) + e max|[lex (€] + flea(©)]) (32)
where
Fn) = 200 D)+ + ) +202 )+ + ey
1202 || €@yt + @) + 202 ey + 2y (33)

c= max{ﬁ, ﬁ} and e,,(§),m = 1,2, are the difference of corresponding source terms in
layers 1 and 2 respectively. Hence, this scheme is unconditionally stable with respect to the
source term.

Proof. It can be seen from Eqs. (25) and (26) that (¢{™)7, and (q(m))gk, m = 1,2, satisfy

e

20 (e = (i ]+ Ao AL (L) + 2l + (L)

K;(m)At m n m n m n— m m n m n m n—
= A2 62[(5é )>plj1 + 2(€£ ))pk + (Sé ))pk 1] - G( )At{[(‘gg ))pljl + 2(€é ))pk + (Sg ))pk !
[ 2>+ ()Y + AA e (0)p (34)
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and

20 [(ef™)m — (€™ = GUIAL{[(I)m 4+ 2(elm)m, + ()Y
Ksl(m))z:l +2(ef™)m 4+ (™) (35)

and also Egs. (27)-(29). Multiplying Eq. (34) with m = 1 by Az[(eM)5! + 2(eMW)7, +
(eM)r '] and Eq. (35) with m = 2 by Az[(e®@)nH + 2(e@)n, + (eP)7 '], summing over

pk

p,kfromp=1,--- N,and k =1,---, N,, respectively, combining them together and using

lemmas 1 and 2 gives

20 H<5<l>)n+1 + (W nH2 —20W H ()7 4 (& <1))n—1H2 4200 H(€<2>>n+1 n (5(2))"”2

€ € €

_20(2) H 5(2) n+( ) 1H Tk (1) Hv )n+1 +2(>e (1)) + (5((31))”_1]”2

AR AL (D) 4 20+ () an + 162 || V(@) 4 2P )"+ (2)
2

I

+Apk P AL H @t L g(e@n 4 (@)= 1H + AtGU H (et 2(eyn 4 (glyn= 1H

FAIG® (@) 4 2@ + (@)

= AGO((eMym+ 4 9(eM)n 4 (eMyr=t (eW)ntl 4 9(clyn 4 (D)1
+HALGA (D) 4+ 2(eP)" + (eP) 7 () 4 2(P)" + (7))
+4A ey (n), (D) +2(e0)" + (D))

+4At(es(n), () 4+ 2" + () (36)

where r, = £L. Similarly, we obtain from Eq. (35)

201(1) H 8(1) ntl (5l(1))nH2 + ZCl@) H<€l(2))n+1 + (5l(2))nH2 . [201(1) H(gl(l))n + (51(1))n_lH2

2 D12 D\n 1\n Dyn—1]|2
+2C2 [Py + ()] + GO [[(e0) 1 + 20y + ()
2
—FAtG H 5l2) n+1+2(5l(2))n+(€l(2)>n71H
n n n— \n Dn D\n—
= AtGO (D) 4 2Dy 4 (D)L (V) 4 2(ef) + ()Y

FALGO (D)1 4 2@ 4 (@)L, ()™ + 2(efP)" + (e87)" 1) (37)

Adding both Egs. (36) and (37), and using the fact

2 et g+
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where m = 1, 2, we obtain

8(1

n+1
[3

P+ 20 s+ 0
+20 H 25(2) ntl g ((2) H +20z2) H 81(2 nl (61(2))"”2
1) (ggl))an? i 2Cl(l) H(gl(l) 4 (el (1) nilHQ

2) (53))”_1”2*20}2) H(gl(z) (2) n— 1”

o [y

—[20@ H (ePHn

40t (ex(n), () + 2(e))" + (€0) )
)

+AAt(ex(n), (€2 4+ 2(eP)m + (P)m

IN

By the generalized Cauchy-Schwarz’s inequality, we have

2(6m(n), (™)™ 4 2(elM)" + (M) )
1

(38)

Cm | (elmyt + Szm))nH2 + 208 ||l + (aﬁz’”))’HH2 = lem (n)][* (40)

where m = 1,2. Substituting the above inequality into Eq. (39), and using the notation

F(n) as defined in Eq. (33), Eq. (39) can be simplified as

(1= 2A8)F(n) < (1+2A8)F(n — 1) + 2cAt(|lex ()| + [lez(n) ")

where ¢ = max{—t5 o (2)} Hence, when 1 — 2A¢ > £t we have
1+ 2At 2cAt
Fn) < (22950 - 1)+ 220 (e + lea])
1+ 2At 2cAt 1+ 2At 1424t
< " n
S Goaad PO o5 s T T A
- oax [[lex (€ I+ llea(€)11
1+2At C 1+2At 2 2
< n _ n _
< GE2Rr0) + SRy 1) max ea(©) P + flea(6)]
1+2At n ) 2
< GE2RNMEO) + e ax lea(@)I + a6
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Using the inequalities, (1 + z)" < €™ when z > 0, and (1 — )" < € when z < £ and

letting = = 2At and At be sufficiently small, we see (H221)n < 2nAtednatl < ¢nAt and hence

Fln) < emF(0) + ce™ mp [fes(€)]* + lex(€)])
< SOLF©) + e max s (€)1 + lex()} (43)

which completes the proof.

4 NUMERICAL EXAMPLE

To demonstrate the applicability of the scheme, Egs. (15) and (16), with initial and boundary
conditions Eqgs. (17) - (20), without loss of generality we consider a simple cylindrical double-
layered thin film with thickness of 0.1 m and radius of 0.5 mm as shown in Fig. 2a. The

chosen thermal properties are listed in Table 1 [2, 3, 65]. The source term is chosen to be

1 - R)gfgfm?(“ztp )2

S, = 0.94(—— B
P

(44)

where R is given as 0.93, § is given as 15.3 nm and J is given as 13.4 J/m?. J represents
the total energy carried by the laser pulse divided by the laser spot cross section. The figure
t, = 100 fs and represents the full-width-at-half-maximum (FWHM) duration of the laser
pulse. Time, t = 0, is when the laser arrives at the metal surface [1].

The information to formulate the xy planar mesh is used to create our matrix coefficient
system. Figure 2b indicates the triangular mesh created for the matrix coefficient system.
Linear triangle elements are used in this computation.

Three different xy planar meshes were chosen - these being planar meshes with thirty-
three nodes, one with sixty-five nodes and a final mesh with one hundred twenty-nine nodes.
A z-directional grid size, Az, of 107% m was chosen. A time step of 0.001 ps was also chosen.
Figure 3 gives normalized temperature profiles at the surface directly beneath the heat
source. Figure 3a depicts the electron temperature on the surface over time. The maximum
temperature of T, on the surface was about 1100 K. This plot shows good agreement with the
one obtained by Tzou [2]. The results also show good agreement with Dai and Nassar [53].

Figure 3b shows the normalized lattice temperature profiles at the surface directly beneath
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the heat source. The maximum temperature rise of 7; was about 10.99 K which is again in
good agreement with other numerical studies [53].

Figure 4 gives temperature rises for both electron and lattice along the z axis for time
(a) t = 0.2 ps, (b) t = 0.25 ps, and (c) t = 0.5 ps. Figures 5 and 6 give contour plots at
(a) t = 0.2 ps, (b) t = 0.25 ps and (c) t = 0.5 ps for the electron and lattice temperatures
respectively along the xz plane.

Figure 7 shows the surface contours for both the electron and lattice temperatures at
time ¢ = 0.25 ps, when the peak electron temperature appears. The lag in coupling electron
and lattice energy exchange is evident. This contour comparison reveals a high electron
temperature and only a slight variation in the lattice/bulk temperature.

To further examine the numerical method, two different cases are explored. First is a

repetitive-pulse heating case. The heat source for this case is chosen to be

t—4tp
tp

—2.77(

L=y
P

where J = 13.4 J/m2, R is given to be 0.93, ¢, = 100 fs, and 6 = 15.3 nm. The dense

S, = 0.94.( te " (45)

mesh of the finite element representation was chosen for highest accuracy and the same time
and z-directional (depth) values as in case one were chosen. Figure 8a shows the normalized
change in electron temperature (AT /(AT )mq:) on the surface of the gold/chromium disk.
It can be seen from Figure 8a that there are two peaks in electron temperature due to the
two laser pulses. Figure 8b gives the normalized temperature change for the lattice. A
slight bend is evident at time ¢ = 0.5 ps, as the second electron temperature peak begins
to transfer energy to the lattice. Figure 9a demonstrates the temperature profiles through
the disk along the z-direction through the film. The same three times as in case one were
chosen (t = 0.2 ps, t = 0.25 ps and ¢t = 0.5 ps). This figure shows a peak temperature at
time t = 0.5 ps of nearly 1400 K. Figure 9b demonstrates the lattice temperature profiles
through the film in the z-direction. Again, the temperature profile is similar to the ones in
case one, except that the peak is higher due to the second pulse of the laser.

A third case demonstrates a moving source. The laser is pulsed five times at even time
intervals about the center of the disk. The first pulse is focused on the center of the disk.

The second pulse moves along the z-axis in the positive direction. The third pulse is located
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the same distance from the center along the positive direction of the y-axis. The fourth and
fifth pulses are located likewise along the negative directions of the z- and y-axis respectively.
FigurelO gives a graphical representation.

Figure 11a demonstrates the normalized electron temperature change for the central point
of the top of the thin film’s surface. The distinct laser pulses are evident as the electron
temperature rises sharply with each pulse. Figure 11b demonstrates the normalized lattice
temperature change for the same point. Again, a steady climb is evident with changes caused
by each pulse as the energy is transferred from the electron cloud to the lattice. Contours
for the electron temperature distribution through the thin films are shown in Figure 12. The
first contour is after ¢ = 0.25 ps. This is at the peak electron temperature profile for the first
laser pulse. The second contour demonstrates the temperature distribution through the thin
films after ¢ = 0.75 ps. This represents the peak electron temperature rise for the second
pulse. It is evident that the temperature distribution moves slightly toward the positive
x-direction. The final contour demonstrates the electron temperature distribution through
the thin films after t = 1.75 ps. This represents the peak electron temperature rise for the
fourth laser pulse. This pulse is located along the negative z-axis. A shift in temperature
toward that point is evident in this contour. Figures 13-15 show contours of the temperature
distributions on the surface (zy-plane) at time ¢ = 0.25 ps, ¢ = 0.75 ps and ¢ = 1.75 ps,

respectively. The heat propagation from the moving source is evident in these figures.

5 CONCLUSION

A hybrid finite element-finite difference method has been developed for solving parabolic
two-step micro heat transport equations in a three dimensional double-layered thin film
exposed to ultrashort-pulsed lasers. It is shown that the scheme is unconditionally stable
with respect to the heat source. Numerical results for thermal analysis of a gold layer on a
chromium padding layer are obtained. The method can be readily applied to multiple layers
and irregularly shaped geometries. Further research will focus on the temperature-dependant

thermal property case and thermal deformation induced by ultrashort-pulsed lasers.

16



References

1]

T. Q. Qiu and C. L. Tien, Heat Transfer Mechanisms During Short-Pulse Laser Heating
of Metals, ASMFE Journal of Heat Transfer, vol. 115, pp. 835-841, 1993.

D. Y. Tzou, Macro to Microscale Heat Transfer: The Lagging Behavior, chap. 2, Taylor
& Francis, Washington, DC, 1996.

T. Q. Qiu and C. L. Tien, Femtosecond Laser Heating of Multilayer Metals - I, Inter-
national Journal of Heat and Mass Transfer, vol. 37, pp. 2789-2797, 1994.

T. Q. Qiu, T. Juhasz, C. Suarez, W. E. Bron and C. L. Tien, Femtosecond Laser Heating
of Multi-Layer Metals II - Experiments, International Journal of Heat Transfer, vol. 37,
pp. 2799-2808, 1994.

T. Q. Qiu and C. L. Tien, Size Effects on Nonequillibrium Laser Heating of Metal Films,
Journal of Heat Transfer, vol. 115, pp. 842-847. 1993.

T. Q. Qiu and C. L. Tien, Short-Pulse Laser Heating on Metals, International Journal
of Heat and Mass Transfer, vol. 35, pp. 719-726, 1992.

A. A. Joshi and A. Majumdar, Transient Ballistic and Diffusive Phonon Heat Transport
in Thin films, Journal of Applied Physics, vol. 74, pp. 31-39, 1993.

D.Y. Tzou, M. N. Ozisik and R. J. Chiffelle, The Lattice Temperature in the Microscopic
Two-Step Model, Journal of Heat Transfer, vol. 116, pp. 1034-1038, 1994.

D. Y. Tzou, A Unified Field Approach for Heat Conduction from Macro- to Micro-
Scales, Journal of Heat Transfer, vol. 117, pp. 1837-11840, 1995.

D. Y. Tzou, The Generalized Lagging Response in Small-Scale and High-Rate Heating,
International Journal of Heat Mass Transfer, vol. 38, pp. 3231-3240, 1995.

D. Y. Tzou, Experimental Support for the Lagging Behavior in Heat Propagation,
Journal of Thermophysics and Heat Transfer, vol. 6, pp. 686-693, 1995.

17



[12]

[13]

[14]

[16]

[17]

[18]

D. Y. Tzou and Y. S. Zhang, An Analytic Study on the Fast-Transient Process in Small
Scales, International Journal of Engineering, vol. 33, pp. 1449-1463, 1995.

D.Y. Tzou and K. S. Chiu, Temperature-Dependant Thermal Lagging in Ultrafast Laser
Heating, International Journal of Heat and Mass Transfer, vol. 44, pp. 1725-1734, 2001.

D. Y. Tzou, K. S. Chen and J. E. Beraun, Hot-Electron Blast Induced by Ultrashort-
Pulsed Lasers in Layered Media, International Journal of Heat and Mass Transfer, vol.

45, pp. 3369-3382, 2002.

J. R. Ho, C. P. Grigoropolus and J. A. C. Humphrey, Computational Study of Heat
Transfer and Gas Dynamics in the Pulsed Laser Evaporation of Metals, Journal of

Applied Physics, vol. 78, pp. 4696-4709, 1995.

J. R. Ho, C. P. Kuo and W. S. Jiamg, Study of Heat Transfer in Multilayered Structure
within the Framework of Dual-Phase-Lag Heat Conduction Model Using Lattice Boltz-

mann Method, International Journal of Heat and Mass Transfer, vol. 46. pp. 55-69,
2003.

J. K. Chen, J. E. Beraun and J. K. Tzou, A Dual-Phase-Lag Diffusion Model for Inter-
facial Layer Growth in Metal Matrix Composites, Journal of Material Science, vol. 34,

pp. 6183-6187, 1999.

J. K. Chen, J. E. Beraum and D. Y. Tzou, A Dual-Phase-Lag Diffusion Model for
Predicting Thin Film Growth, Semiconductor Science Technology, vol. 15, pp. 235-241,
2000.

J. K. Chen and J. E. Beraum, Numerical Study of Ultrashort Laser Pulse Interactions
with Metal Films, Numerical Heat Transfer, Part A, vol. 40, pp. 1-20, 2001.

J. K. Chen, J. E. Beraum and D. Y. Tzou, A Dual-Phase-Lag Diffusion Model for
Predicting Inter-Metallic Compound Layer Growth in Solder Joints, ASME Journal of
Electronic Packaging, vol. 112, pp. 52-57, 2001.

18



[21]

[22]

[23]

[25]

[26]

[27]

[28]

J. K. Chen, J. E. Beraum and C. L. Tham, Investigation of Thermal Response Caused
by Pulse Laser Heating, Numerical Heat Transfer, Part A, vol. 44, pp. 705-722, 2003.

M. A. Al-Nimr and S. Masoud, Non-Equilibrium Laser Heating of Metal Films, ASMFE
Journal of Heat Transfer, vol. 119, pp. 188-190, 1997.

M. A. Al-Nimr, Heat Transfer Mechanisms During laser Heating of Thin Metal Films,
International Journal Thermophysics, vol. 18, pp. 1257-1268, 1997.

M. A. Al-Nimr and V. S. Arpaci, Picosecond Thermal Pulses in Thin Metal Films,
Journal of Applied Physics, vol. 85, pp. 2517-2521, 1999.

M. A. Al-Nimr and M. Naji, On the Phase-Lag Effect on the Non-Equilibrium Entropy
Production, Microscale Thermophysics Engineering, vol. 4, pp. 231-243, 2000.

M. A. Al-Nimr, M. Naji and V. S. Arpaci, Non-Equilibrium Entropy Production Un-
der the Effect of the Dual-Phase-Lag Heat Conduction Model, ASME Journal of Heat
Transfer, vol. 122, pp. 217-222, 2000.

M. A. Al-Nimr and S. Kiwan, Effect of Thermal Losses on the Microscopic Two-Step
Heat Conduction Model, International Journal of Heat and Mass Transfer, vol. 44, pp.
1013-1018, 2001.

M. A. Al-Nimr, M. Hader and M. Naji, Use of the Microscopic Parabolic Heat Conduc-
tion Model in Place of the Macroscopic Model Validation Criterion Under Harmonic

Boundary Heating, International Journal of Heat and Mass Transfer, vol. 46, pp. 333-
339, 2003.

C. K. Lin, C. C. Hwang and Y. P. Chang, The Unsteady Solution of a Unified Heat Con-
duction Equation, International Journal of Heat and Mass Transfer, vol. 40, pp.1716-
1719, 1997.

P. J. Antaki, Solution for Non-Fourier Dual Phase Lag Heat Conduction in a Semi-
Infinite Slab with Surface Heat Flux, International Journal of Heat and Mass Transfer,

vol. 41, pp. 2253-2258, 1998.

19



[31]

[32]

[33]

[35]

[36]

[37]

[38]

[39]

P. J. Antaki, Effect of Dual-Phase-Lag Heat Conduction on Ignition of a Solid, Journal
of Thermophysics Heat Transfer, vol. 14, pp. 276-278, 2000.

P. J. Antaki Importance of Nonequilibrium Thermal Conductivity on Ignition of a Solid,

International Journal of Heat and Mass Transfer, vol. 45, pp. 4063-4067, 2002.

D. W. Tang and N. Araki, Wavy, Wavelike Diffusive Thermal Responses of Finite Rigid
Slabs to High-Speed Heating of Laser-Pulses, International Journal of Heat and Mass
Transfer, vol. 42, pp. 855-860, 1999.

A. N. Smith, J. L. Hostetler and P. M. Norris, Nonequilibrium Heating in Metal Films:
an Analytical and Numerical Analysis, Numerical Heat Transfer, Part A, vol. 35, pp.
859-873, 1999.

W. B. Lor and H. S. Chu, Propagation of Thermal Waves in a Composite Medium with
Interface Thermal Boundary Resistance, Numerical Heat Transfer, Part A, vol. 36, pp.

681-697, 1999.

W. Dai and R. Nassar, A Finite Difference Method for Solving the Heat Transport
Equation at the Microscale, Numerical Methods for Partial Differential Equations, vol.
15, pp.697-708, 1999.

W. Dai and R. Nassar, A Domain Decomposition Method for Solving Three Dimensional
Heat Transport Equations in Double Layered Thin Films with Microscale Thickness,
Numerical Heat Transfer, Part A, vol. 38, pp. 243-256, 2000.

W. Dai and R. Nassar, A Compact Finite Difference Scheme for Solving a Three-
Dimensional Heat Transport Equation in a Thin Film, Numerical Methods for Partial

Differential Equations, vol. 16, pp. 441-458, 2000.

W. Dai and R. Nassar, A Hybrid Finite Element-Finite Difference Method for Solv-
ing Three-Dimensional Heat Transport Equations in Double-Layered Thin Film with

Microscale Thickness, Numerical Heat Transfer, Part A, vol. 38, pp. 573-588, 2000.

20



[40]

[41]

[46]

[47]

W. Dai and R. Nassar, A Domain Decomposition Method for Solving 3-D Heat Trans-
fer Equations in Double Layered Thin Film with Microscale Thickness and Nonlinear

Interfacial Conditions, Numerical Heat Transfer, Part A, vol. 39, pp. 21-33, 2001.

W. Dai, R. Nassar and L. Mo, A Domain Decomposition Method for Solving 3-D Heat
Transport Equations in a Double Layered Cylindrical Thin Film with Submicroscale
Thickness and Nonlinear Interfacial Conditions, Numerical Heat Transfer, Part A, vol.

40, pp. 619-638, 2001,

W. Dai and R. Nassar, An Approximate Analytic Method for Solving Dual-Phase-
Lagging Heat Transfer Equations, International Journal of Heat and Mass Transfer,

vol. 45, pp. 1585-1593, 2002.

W. Dai, L. Shen and R. Nassar, A Convergent Three-Level Finite Difference Scheme
for Solving a Dual-Phase-Lagging Heat Transport Equation in Spherical Coordinates,
Numerical Methods for Partial Differential Equations, vol. 20, pp. 60-71, 2004.

G. S. Prakash, S. S. Reddy, S. K. Das, T. Sundararajan and K. N. Seetharamu, Nu-
merical Modelling of Microscale Effects in Conduction for Different Thermal Boundary

Conditions, Numerical Heat Transfer, Part A, vol. 38, pp. 513-532, 2000.

L. Wang and X. Zhou, Dual-Phase-Lagging Heat Conduction, Shandong University
Press: Jinan, 2000.

L. Wang and X. Zhou, Dual-Phase-Lagging Heat Conduction: Problems and Solutions,
Shandong University Press: Jinan, 2001.

L. Wang, M. Xu and X. Zhou, Well-Posedness and Solution Structure of Dual-Phase-
Lagging Heat Conduction, International Journal of Heat and Mass Transfer, vol. 44,
pp. 1659-1669, 2001.

L. Wang and M. Xu, Well-Posedness of Dual-Phase-Lagging Heat Conduction Equation:
Higher Dimensions, International Journal of Heat and Mass Transfer, vol. 45, pp. 1165-
1171, 2002.

21



[49]

[50]

[51]

[52]

[53]

[55]

S. K. Kim and I. M. Daniel, Solution to Inverse Heat Conduction Problem in Nanoscale

Using Sequential Method, Numerical Heat Transfer, Part B, vol. 44, pp. 439-456, 2003.

S. H. Lee, J. S. Lee, S. Park and Y. K. Choi, Numerical Analysis on Heat Transfer Char-
acteristics of a Silicon Film Irradiated by Pico-to Femtosecond Pulse Lasers, Numerical

Heat Transfer, Part A, vol. 44, pp. 833-850, 2003.

C. S. Tsai and C. I. Hun, Thermal Wave Propagation in a Bi-Layered Composite Sphere
Due to a Sudden Temperature Change on the Outer Surface, International Journal of

Heat and Mass Transfer, vol. 46, pp. 5137-5144, 2003.

S. Srinivasan, R. S. Miller and E. Marotta, Parallel Computation of the Boltzmann
Transport Equation for Microscale Heat Transfer in Multilayered Thin Films, Numerical

Heat Transfer, Part B, vol. 46, pp. 31-58, 2004.

W. Dai, Q. Li, R. Nassar and L. Shen, An Unconditionally Stable Three Level Finite
Difference Scheme for Solving Parabolic Two-Step Micro Heat Transport Equations in
a Three-Dimensional Double-Layered Thin Film, International Journal for Numerical

Methods in Engineering, vol. 59, pp. 493-509, 2004.

L. Elliott, D. B. Ingham and J. D. Wood, Mixed Convection Flow of Newtonian and
Non-Newtonian Fluids in a Horizontal Rectangular Duct, Numerical Heat Transfer,

Part A, vol. 32, pp. 831-860, 1997.

W. Dai and R. Nassar, Preconditioned Richardson Numerical Method for Thermal
Analysis in X-Ray Lithography with Cylindrical Geometry, Numerical Heat Transfer,
Part A, vol. 34, pp. 599-616, 1998.

J. Su and A. J. Da Silva Neto, Simultaneous Estimation of Inlet Temperature and Wall
Heat Flux in Turbulent Circular Pipe Flow, Numerical Heat Transfer, Part A, vol. 40,
pp.751-766, 2001.

T. Adachi and H. Uehara, Pressure Drop and Heat Transfer in Spanwise Periodic Fluted
Channels, Numerical Heat Transfer, Part A, vol. 43, pp. 47-64, 2003.

22



[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

M. R. Siddique and R. E. Khayat, Transient Linear and Nonlinear Heat Conduction in
Weakly Modulated Domains, Numerical Heat Transfer, Part A, vol. 43, pp. 481-500,
2003.

B. V. Rathish Kumar, B. Kumar, Shalimi, M. Mehra, P. Chandra, V. Raghvendra, R. K.
Singh, and A. K. Mahindra, Krylov Subspace Solvers in Parallel Numerical Computa-
tions of Partial Differential Equations Modeling Heat Transfer Applications, Numerical
Heat Transfer, Part A, vol. 45, pp. 479-503, 2004.

A. S. Usmani, D. A. Mayne, and M. Crapper, h-Adaptivity and ”Honest” GFEM for
Advetion-Dominated Transport, Numerical Heat Transfer, Part B, vol. 41, pp. 339-359,
2002.

M. S. Ingber, C. C. Schmidt, J. A. Tanski, and J. Phillips, Boundary-Element Analy-
sis of 3-D Diffusion Problems Using Domain Decomposition Method, Numerical Heat

Transfer, Part B, vol. 44, pp.145-164, 2003.

J. Y. Jung and H. Lee, Simple, Accurate Treatment of Curved Boundaries, Numerical

Heat Transfer, Part B, vol. 45, pp. 421-448, 2004.

Z. Guo and T. S. Zhao, A Lattice Boltzmann Model for Convection Heat Transfer in
Porous Media, Numerical Heat Transfer, Part B, vol. 47, pp. 157-177, 2005.

M. Lees, Alternating Direction and Semi-Explicit Difference Methods for Parabolic Par-
tial Differential Equations, Numerical Mathematik, vol. 3, pp. 398-412, 1961.

R. Barron, Cryogenic Systems, 2nd ed., Oxford Science Publications, New York, 1985.

23



Table 1.Thermal properties for Gold and Chromium [2, 3, 65].

Parameters Gold Chromium
T (K) 300 300

CY  (J/m3K) || 2.1x10* | 5.8x10%
C; (J/m3K) || 2.5x10% | 3.3x10%

G (W/m3K) || 2.6x10' | 42x10'6

k£ (W/mK) 315 94

v (J/m3K?) || 70 193.33
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FIGURE CAPTIONS

Figure 1. Three-dimensional configuration of a double-layered thin film.

Figure 2. A double-layered thin film (a) and a triangular mesh for the xy plane (b).

Figure 3. Electron temperature change (a) and lattice temperature change (b)
on the surface.

Figure 4. Electron temperature profiles (a) and lattice temperature profiles (b)
along the z-direction.

Figure 5. Contours of electron temperature distributions in the zz plane at
(a) t =0.2 ps, (b) t =0.25 ps, and (c) t = 0.5 ps.

Figure 6. Contours of lattice temperature distributions in the xz plane at
(a) t =0.2 ps, (b) t =0.25 ps, and (c) t = 0.5 ps.

Figure 7. Electron temperature distribution (a) and lattice temperature distribution (b)
in the zy plane at ¢t = 0.25 ps.

Figure 8. Normalized electron temperature change (a) and normalized lattice
temperature change (b) on surface for the repetitive-pulse case.

Figure 9. Electron temperature profiles (a) and lattice temperature profiles (b)
for the repetitive-pulse case.

Figure 10. Graphical representation of pulsed laser on thin film surface.

Figure 11. Normalized electron temperature change (a) and normalized lattice
temperature change (b) on center surface of disk for the moving source case.

Figure 12. Contours of electron temperature distributions at (a) ¢ = 0.25 ps,
(b) t =0.75 ps, and (c) t = 1.75 ps for the moving source case.

Figure 13. Contours of electron temperature distribution (a) and lattice temperature
distribution (b) in the xy plane at ¢ = 0.25 ps.

Figure 14. Contours of electron temperature distribution (a) and lattice temperature
distribution (b) in the xy plane at ¢ = 0.75 ps.

Figure 15. Contours of electron temperature distribution (a) and lattice temperature

distribution (b) in the xy plane at ¢ = 1.75 ps.
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