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This is an example of how to use the linear regression calculations shown in class to perform a regression
analysis on a set of data points. We will use the same example for each set of calculations.

Problem Statement: We are trying to calibrate a force sensor by measuring the resistance of the
sensor when different levels of force are applied. We have recorded the following data points:

Force Resistance
(N) (M-Q)
0.9
0.6
0.3
0.2

N AN R

We need to know: which form of the regression equation (linear, exponential, or power) will best fit
the data points?

First, note that n, the number of data points, equals 4 for this example.

Linear Form of the Regression Equation
For an equation following the linear form ( Yy = mx+b), the slope (m) is calculated as follows:

(23) - (22%) ()
n(Xx7)-(2%)

We need to calculate all the sums that are required by the equation. We'll let “x” represent the
independent variable (Force) and “y” represent the dependent variable (Resistance). In the table below,
the values in bold type at the bottom of each column are the sums of the values in each column.

n
m=

Force Resistance

(N) (M-Q)
X y Xy X 'a
1 0.9 0.9 1 0.81
2 0.6 1.2 4 0.36
4 0.3 1.2 16 0.09
7 0.2 1.4 49 0.04
14 2.0 4.7 70 13

Now we can plug the numbers into the equation for slope:

_4.47-14.2.0
4.70-147
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 18.8-28
280196

m=-0.110

Now we can calculate the intercept (b)

b 2 —MmEx)

n
, _ 20-(-0.110-14)
4
b=0.885

The best equation in linear form for these data points is therefore:
y =—-0.110x+0.885

Now we need to determine how good a fit the regression equation is for the data that we have. We do
this by calculating the coefficient of determination, or 7, value.

r 2

: n(Xxy)-(Zx)(Zy)
(%) -(Z%) Yn(Z ) - (X w)

r 2

, 4(4.7)-(14)(2.0)
| J4(70)~(14)’ |J4(1.3) -

o [ 188-28 T
| 280-196+/5.2-4
o[ 92 T
| 84\1.2
=[-0.915]

r’ =0.840



ENGR 120 Sample Linear Regression Example Page 3 of 9

From the r* value, we can see that 84.0% of the variability in resistance (“y”) can be explained by the
changes in force (“x”). Though this isn’t bad, we should check the other forms to see if we can find a
better equation that fits our data.

Next, let’s try the exponential form (y = be™).

Exponential Form of the Regression Equation

For all the regression equations for slope, intercept, and r’>, we must replace all the “y” terms with
“In(y)”. The equation for the slope (m) is therefore

NI () (%) (X (%))
n(Xx)-(X%)

We now need to recalculate some of the values in our table, as follows:

Force Resistance

(N) (M-Q)
X y Inly)  x*In(y) (In(y))*
1 09  -0.105 -0.105 1 0011
2 06 -0.511 -1.022 4 0261
4 03  -1.204 -4.816 16 1.450
7 02  -1.609 -11.266 49  2.590
14 3430  -17.209 70 4312

Note that we no longer need the sum of the y terms, because we have replaced “y” with “In(y)”.

Now, we can calculate m as follows:

4(-17.209)-(14)(-3.430)
- 4(70)—(14)°

— —68.836 +48.020
280-196

m=-0.248

We need to calculate the intercept (b), but we must remember that for the exponential form, we first
calculate the natural log of b (In(b), as follows:

iny - 20 n(2x)
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—3.430 - (~0.248) (14)
4

In(b) =

In(b) =0.0105

To calculate b, we take the anti-log of both sides as follows:

b =e"®

Therefore,

b — e0.0105

b=1.011

The best equation to fit the data points that follows the exponential form is therefore:

y=1.011e %%

Now let’s determine how well the exponential form of the regression equation fits our data. Again,
remember that we have to replace every occurrence of “y” with “In(y)”.

r 2

- n(2xIn(y))-(22%)(2n(%))
_\/n(inz)—(in)2\/n(ZIn(yi)2)—(Zln( i))2

r 2

) 4(~17.209)—(14)(-3.430)

_\/4(70)—(14)2 \/4(4.312) —(-3.430)°

, _—68.836+48.02T

- =
| /84./5.483
, [-20.8167
- =
| 21.461
r? =[-0.970]’

r’ =0.941



ENGR 120 Sample Linear Regression Example Page 5 of 9

Therefore, 94.1% of the variability in resistance can be explained by the changes in force. This value of r*
is definitely better than the one we calculated for the linear form of the regression equation (0.840), but
let’s check the power form to see if it will fit our data even better than the exponential form.

Power Form of the Regression Equation

The power form of the regression equation is: Y =bx™ . To calculate the slope and intercept for this

form of the equation, we must take the logarithms of both sets of data (“x” and “y”). Note that are free
to use EITHER common OR natural logs; however, we must be consistent in all 3 equations. Since we
have already calculated the natural log of the y terms, we’ll stick with the natural log.

_n(In(x)In(y))- (2 (x))(XIn(y,))
(Zln ) (Zln (%) )

The table of values we need is:

Force Resistance

(N) (M-Q)
x y In(x) In(y)  In(x)*In(y) (In(x))*  (In(y))’
1 0.9  0.000 -0.105 0.000  0.000  0.011
2 0.6  0.693 -0.511 -0.354 0.480  0.261
4 03  1.386 -1.204 -1.669 1.922  1.450
7 0.2  1.946 -1.609 -3.132 3.787  2.590

4.025 -3.430 -5.155 6.189 4.312

| 4(-5.155)—(4.025)(~3.430)
~ 4(6.189)—(4.025)’

~ —20.62+13.806
24.756 -16.201

=-0.796

Again, to calculate the intercept, we first calculate the log of the intercept. We will continue to use
natural log for this calculation.

In(6) = >in(y,)- (Zln )
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—3.430— (~0.796) (4.025)

In(b) = .

In(b) = —.0565

b= en®

Therefore,
b — e—0.0565
b =0.945

The best equation to fit the data points that follows the power form is therefore:
y =0.945x %%

. 2
Finally, to calculate the r* value,

r 2

2 ”(Z'”(Xa)'n(yi))-(Z'”(Xi))(Z'n(yi))
(0 ) (i) Jn(Zin(3))~(Zin(y))

r 2

- 4(~5.155) — (4.025)(~3.430)
| [4(6.189) - (4.025)" 4(4.312) - (~3.430)’

2

, | —20.62+13.806
| \/24.756 —16.201/17.248—11.765 |

- -2

) —6.814
| \/24.756 —16.201/17.248—11.765 |

o _[__—6814 T
| \/8.555+/5.483
r? =[-0.995]°

r2 =0.990
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The r? value tells us that 99.0% of the variability in resistance can be explained by the changes in force.
This is the highest of the three r values that we have calculated. We therefore conclude that the power
form of the equation is the best fit for the data points that we recorded.

We can check our work by plotting the data points in Microsoft Excel and adding a trendline to the
graph. Note that the values for m, b, and r* differ slightly from the values we calculated here because we
used fewer significant digits in our calculations than Excel does.
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The linear form:

. y =-0.1095x + 0.8833
Resistance vs. Force r:=08397
1
= 4
» 0.8
E 0.6 ¢ @ Resistance (M-Q)
8 04
o 4
é 0.2 ®—  —Linear (Resistance
0 T T T 1 (M_Q))
0 2 4 6 8
Force (N)

The exponential form:

. y = 1.0102e70-248
Resistance vs. Force  r2=0.9409
! L g
G os
2
g 06 \ @ Resistance (M-Q)
3 0.4
K] 2 )
$ 0.2 —9—  —Expon. (Resistance
o
0 . . : , (M-Q))
0 2 4 6 8
Force (N)
The power form:
. y = 0.946x°07%7
Resistance vs. Force R? = 0.9899
1

0.8 K

2.0\
€ 06 ® .
§ \ ® Resistance (M-Q)
©
b 0.4
§ 0.2 —— Power (Resistance
' (M-Q))
0 T T T 1
0 2 4 6 8

Force (N)
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Note that when Microsoft Excel calculates a regression line, the format of the axis (linear or logarithmic)
doesn’t affect the calculations for the trendline. In the following graph, both axes have been re-
formatted to a logarithmic scale. The points appear to line up almost in a straight line, as we would
expect if the data points really follow a power form; however, the regression line and r* values haven’t

changed.
. y = 0.946x°07°7
Resistance vs. Force R? = 0.9899
1 )
10
—_ 9
G
%— @ Resistance (M-Q)
c
©
% —— Power (Resistance
& (M-Q))
0.1

Force (N)




