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In a recent study Jauch and Piron [2~ have considered the possibility that a 
quantum proposition system is an infinit号 valued logic. They ar，♂le that if this is the 
ca优 then for any two propos议ions 乡 and q there must exist a conditional proposition 
乡一份子 Following Lukasì，帆r:Îcz [3J the truth value [þ • qJ of the condìtìonal 多→ f
is defined as follows: 怡→ q] = min{1 , 1 一{到今 [qJ} where 出 and [qJ are the truth 
values of 出 and respectively. Here 户]口 lisin伐rpreted as 手 is true'. Note that 
到= 1 and 没→￡工= 1 implies 剖嚣尘 1 so we havξa law of deduction, which is a 
property that any reasonable logic should possess. Notice further that if 单→ qJ 口 1

and 捡一7- rJ = 1 then 捡一卡 rJ 1 so that irriplication is transitive as it 边。uld be. 

Let C be an orthomodular poset (主epresentíng some qu在ntum propositio孜 system)

and let S be an order d号termining (full in [1]) set of states on C. We further assume 
that if m1 , m2 E S, then 1/2 纳1 十 1/21仿2 E S, that is, S is closed under the formation 
of mid-points. We say that a, b εC are conditional ís there exí，电岱 C E C such that for 
allmES饼抖口 min {1，伤怡')十仰伊)}. If cex必ts it 总 unique. We call c the conditiρnal 
of a and b and write c = a 一如 b. We say thatζ(or， moreωrr母ctly， the pair (C, S)) 
is co饵ditio纬al if every pair a, b E ζare conditional. Now if C is to be a logic with a 
law of deduction then C must be conditional. Jauch and Piron [2J have 命。，wn that 
standardpropositíon systems (that 怒， ones that are isomorphíc to the lattice of all 
closed subspaces of a Hilbert space) are not conditional and thus cannot be logics in 
the usual sense. 毛iVe gξneralize their results to the orthomodular posets C considered 
above. In fact we obtain the strong result that C is conditional if and only if C 
{O， 1}. 飞机 then characterÌze the pairs a, b εζ ￥枕巾h are condìtionaL 

Undεfined terms appear in [1 J. If a ζ b' we write a + b for a V b. If a b we 
write b - a for b ^ a'. We first state a usefullemma whose simple proof is left to the 
reader. 

Lemma 1. (i) 锦衍→ b) = 1 if and only if m(a) ~级阶 ; m(a 叶的 =m怡') + m(b) 
if and onlyif m(b) < 然(a) = 1. 

(ii) m (a -+ b) = 1终挎 if and only if m街口 1 or m(的=1.

τhis lemma will be frequently used without further comm仓nt.

Theorem 2. C is conditional if and only if ζ= {O, 1}. 
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Proof: Clearly 扣， 1} ìs conditional; in fact 1 = 0 • 1 and 0 口 1 → O. Now let C 
be conditional and suppo使 th告re exists a εζ 一段， 1 }黯 Then c a • a' exists and 
以c) 口 min 杠， 2 仰伊')}. Since S is order determinìng a' :;;;;; c. Hence there exis衍
bEζsuch that a' 十占;口 c. Now 叫占}二二步n(c) ~ m怡')口 min{叫吟， m衍')}.τhus

然(b) :;;;;; 1/2 for all m E S. It follows that 占主三 b' sincε S is orde古 determining. Hence 
b 口。 and c = a'. Thus m问 min 口， 2 叫c)} and hencε m(c) 山 o or 1 for all 统 εS
Moreover since 0 < c < 1 there exist m1, m2 E S with m1 (c) 0 and 叫(c) 1. 
Letting m = 1/2 m1 十 1/2 m2 we have m(c) = 1/2, a contradictio礼 Hence C= 怡， 1}. 

We have.seen that, for non-trivial posets C, not every pair of elements is condi
tional. We now study the properties of pairs of elements that are conditional. 

Lemma 3. If a • b and a' V b exist and are equal then a C b 

Proof: τhere exists d E C such that 占 + d= a' V b. Weshowd"主 a'. Otherwise there 
exists m ε S such that m抖)>切切'). Thenm衍'γ b) 口 m(抖十 7元(d) > 1 一 m(a) 十叫的
so 好z(a) > m(b). Henc较量n(a' V 的 z 仰伊→ b) 二 1 …步n(约十全n(坊， a contradiction. 
Now there exists e E C with d + ε = a'. We show e :;;;;;札 Otherwis号 there 仪约总

销 E S with m(e) > m(b). Then m 怡') = m(d) + 叫e) > 叫d)+ 叫b) =m 仰'v b仍} 二》挂 ?仰饰叫#俗叫苦z(μa'的')
acωont让trad副iction.陶，}丑Ie创1口lC优e t仙here硅 exists f εε with b 口江 f 十 6仇， a' 口=d+ear丑ld f :;;;;; b :;;;;; d' 
so that a' C b. Thus a C b. 

Lemma 4. If c 口 a • b exists then a' :;;;;; c and b :;;;;; c. 

Proof: If a' "三 c then there exists m ε S such that m(c) < 叫a'). Hence m(c) < 1 
and 1 ~ m伊)十丹:怜}口叫c) < 1 ~ m(a). Thus 叫的< 0, a contradìction. That 
b c is immediate. 

飞rve say that S is suffìcient if 0 丰 a εζimplìes therεexists 级 E S with m份制1.

Theorem 5. Let S be sufficient and assume that a' V 占 exists.τhen a • b exists 
if and only if a :;;;;; b or b :;;;;; a. 

Proof: Clearly, if a :;;;;; b then a → b=口 1 and if 占:;;;;; a, then a • b a' ω卡扎

Conversely, assume c a • b exists. By Lemma 4 c 二'" a' V b. Hence there exists 
d εC such that 怡， V b) 十 d = c. Suppose d 中 O. Then there exists m E S such that 
叫d) = 1. Hence m怡')口例(b) = 0 and m(c) 叫 1 … m(a) 十 m(b) = 0, a contradiction. 
τherefore d 日 o and c a' V b. It now follows from Lemma 3 that a C b. Suppose a 
and b are not comparable. Then a λ b < a and a ^ b < b. Hence there exìsts 
m1 ， m2 ε S such that 叫 (a 一但人的)口 1 and 汗马拉一 (a /\苟) = 1. It follows that 
m1(份工级2(号口 1 and m1(苟 m1 但人苟加 m泛约=得Z2 (a 八 b) = O. Let m 
1/2 (1/2 m1 + 1/2 纱Z2) + 1/2 叫= 3/4 叫十 1/4 叫.T弘en m (a ^抖出 o and m(b) 
1/4 < 3/4 = m(吟， 丑enc号 m(的 +n圳的 m(c) m (a' V b) = m (a' 十仙人的)=
m怡') + m (a ^的. Thus m(的 = m (a f， 的， a contradiction. 

Corollary 6. Let S be sufficient and a' V b exist. If a • b exists, then a → b 出

a' V b, b • a exists, b' V a exists, and b →a 口 b' V a. 

The proofs of the previous theorems depend heavily on the fact that S is order 
determining, suffìcient or both. If we strengthen S st i11 further wεobtain a stronger 
result. 飞Nesayth拭 S ís strongly order determ切如gif{mES: 叫a) = 斗卢 {mES: 圳的 =1}
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implies that a ~ b. It can be shown 生hat strongly ord告r determining implies both order 
det告rmining and suffíciency. (τheεonverse fails; see [写.) Notice that the set of states 
on the lattice of all closed subspaces of a Hilbert space Ìs strongly order determining. 

Theoret我 7. If S is strongly order determìning, then a • b exists if and only if 
a ~ b or b ζ a. 

Prooj: As in 丁heor信技1 5, if a and b are comparable, then a • b exists. Now. 
a出s岱ssu叩u山1m附n

such t仙h肮川at 仰俐Z与时o(μa) 工2工工， 1 ，乡 叫(b) < 1, 乡nl(a) < 1 and m 1(b) = 1. Note that mo(c) mo(b) 

and mJ(c) 口1. Let m 1/2 鹅。今 1/2 仰~l' Then m(a) = 1/之十 1/2 m1 (必) < 1，叫b) = 

1/2 例。{号令 1/之< 1 and 饼的价叫的. This last 骂ente时e contradicts Lemma 1 (ii) ‘ 

Hence a and b are comparable. 
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