Steven A. Jones

Homework on Womersley Flow


Homework, BIEN 501
Figure 1 is a representation of a carotid artery flow waveform that is in terms of the centerline velocity.  The waveform repeats with a frequency of 1 Hz (pulse rate 60 beats/min).  The waveform can be represented by a Fourier decomposition as follows:
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1. Based on this waveform and the assumption that mean wall shear stress is 15 dynes/cm2, estimate the radius of the artery.  Assume that the dynamic viscosity of blood is 0.035 g/(cm-sec) and that the density of blood is 1.05 g/cm3.  (Note: you can use the Poiseuille flow solution with velocity = 40 cm/sec; there is no need to use the complete Fourier decomposition for this first part – why?).
2. Based on the method of solution of the differential equations, it should be possible to obtain the Poiseuille flow solution from the Womersley flow solution with 
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.  In this case, the partial differential equation for the complex velocity becomes:
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which is the equation for Poseuille flow.  However, the Womersley solution for zero frequency becomes:
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The coefficient 
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 goes to infinity.   Also, because 
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, the denominator of the Bessel function term will go to zero.  Both of these conditions will lead to problems if you try to directly evaluate this expression with Matlab or another software program.

Apply L’Hopital’s rule to the equation for 
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 at zero frequency and show that the result is identical to the solution for Poiseuille flow.

3. Use the Fourier representation to calculate the solution for Womersley flow based on this waveform.  Calculate and plot the velocity profile as a function of radial position for the following three times within the waveform:

1. Early acceleration (t=0)

2. Peak systole (t = 0.2 sec)

3. Mid deceleration (t=0.3 sec)

4. End deceleration (t=0.4 sec)

You can perform all of these calculations in Matlab, which has the Bessel function that you will need.  For example, besselj(0,r) computes the Bessel function 
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Caution:  Remember the result of problem 2.  Whereas the Womersley solution will work well for the a1, a2 and a3 terms, it will not work for the a0 term, which you will need to handle separately.
You should double check the plots you generate to ensure that the centerline velocity of each plot corresponds to the centerline velocity plotted in Figure 1 at that time in the cycle.
Figure 1: Approximation of a carotid artery flow waveform.
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[image: image18.emf]Centerline Velocity Waveform
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