AN EQUIVARIANT TAMAGAWA NUMBER FORMULA
FOR -MODULES AND APPLICATIONS

NATHAN GREEN AND CRISTIAN D. POPESCU

ABSTRACT. We fix motivic data (K/F, E) consisting of a Galois extension K/F of charac-
teristic p global fields with arbitrary abelian Galois group G and an ableian t—module F,
defined over a certain Dedekind subring of F'. For this data, one can define a G—equivariant
motivic L-function @f; F We refine the techniques developed in [5] and prove an equivari-
ant Tamagawa number formula for appropriate Euler product completions of the special
value OF ,r(0) of this equivariant L-function. This extends our results in [5] from the Drin-
feld module setting to the t—module setting. As a first notable consequence, we prove a
t-module analogue of the classical (number field) Refined Brumer—Stark Conjecture, relat-
ing a certain G-Fitting ideal of the t—motive analogue H(E/K) of Taelman’s class modules
[9] to the special value @f; / 7(0) in question. As a second consequence, we prove formulas
for the values ©F / (m), at all positive integers m € Zxq, when E is a Drinfeld module.
This, in turn, implies a Drinfeld module analogue of the classical Refined Coates—Sinnott
Conjecture relating @g/p(m) to the Fitting ideals of certain Carlitz twists H(F(m)/Ok)
of Taelman’s class modules, suggesting a strong analogy between these twists and the even
Quillen K—groups of a number field. In an upcoming paper, these consequences will be used
to develop an Iwasawa theory for the t—-module analogues of Taelman’s class modules.

1. INTRODUCTION

1.1. The arithmetic data. Let ¢ = p" for some fixed prime p € Z and let A = F,[t]
and k = F,(t). Let F/k be a finite, separable extension and K/F be a finite, Galois
extension with abelian Galois group G = Gal(K/F). If L is a field of characteristic p, we
let L be its separable closure and L2 its algebraic closure. For simplicity, we assume that
KN Fq = FnN Fq = F,. We let Op and Ok be the integral closures of A in F' and K,
respectively.

For a prime v € MSpec(Op), we denote by I, its inertia group in G. We let G, denote a
Frobenius automorphism associated to v in the Galois group over F' of the maximal subfield
of F' which is unramified at v. If v is unramified in K/F, we denote by o, its Frobenius
automorphism in G. Obviously, in that case the restriction of 7, to K is o,,.

We let koo = F,((1/t)) be the completion of F,(¢) at the infinite place (corresponding, as
usual, to the valuation on k of uniformizer 1/t), and set C., to be a completion of k28 at
the infinite place. Also, we will let Ko := K ®; ks and F, := F ®; ks. These are the
direct sums of the completions of K and F' at all the primes in these respective fields sitting
above the infinite prime of k. As usual, we view them as topological algebras endowed with
the direct sum topologies.
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1.2. The relevant t—modules. For an F,-algebra R, we let 7 denote the g-power Frobenius
of R and let R{7} denote the twisted polynomial ring in 7, subject to the relation

T-x=x%-71, forall z € R.
If R is commutative, then M, (R) denotes the ring of n x n matrices with entries in R.

Definition 1.1. A ¢t-module E of dimension n defined over O is given by an F, -algebra
morphism (called the structural morphism of £ in what follows)

o A— M, (0p){7},
such that
Or(t) = dplt]r® + My + -+ Mr*,  M; € M,(Op),
where dg[t] =t -1d,, +N, for N € M,,(OF) a nilpotent matrix.

Remark 1.2. We note that t-modules of dimension 1 are simply Drinfeld modules.

Any t-module E as above gives rise to a functor (also denoted by E, abusively)
E: (M,(0p){r} — modules) — (A — modules), B+ E(B).

In this way F gives an A-module structure to any M, (Op){7}-module.

It is easily seen that the map dg[| : A — M, (Op), sending a € A to the 7—constant term
of ¢g(a), is a ring morphism. This ring morphism gives rise to a new functor

Lieg : (M,,(Op){7} — modules) — (A — modules), B ~ Lieg(B).

Every a € A acts on B via dg[a]. We will refer to this action as the Lie action of E on B
and will denote the ensuing A-module by Lieg(B).

Remark 1.3. When restricted to the subcategory of M, (O ){7}[G]—modules (i.e. M,(Op){7}-
modules on which G acts M,,(Op){7}-linearly), the above functors E and Lieg take values
in the category of A[G]-modules. Relevant examples of modules B belonging to this sub-
category are given by K", O}, (Og/v)", (K)", where v is a finite prime in Op.

For simplicity, if M is an Op{7}-module (which makes M" an M,,(Op){7}-module in the
obvious fashion), in what follows we let E(M) and Lieg(M) denote E(M™) and Lieg(M™),
respectively. The following (otherwise elementary) result will be very useful in what follows.

Lemma 1.4. Let M be a Op{7}-module, which is finitely generated as an Op—module.

(1) If M is projective of (necessarily locally constant) rank m as an Op-module, then
Lieg(M) is a free A-module of rank mn - [F' : k|.

(2) If M is an O p{7}[G]-module, which is a projective O p[G]-module, then Lieg(M) is a
projective A[G]-module. Moreover, if M is projective of constant rank 1 over Op|G],
then Lieg(M) is projective of constant rank n - [F : k] over A[G].

Proof. (1) Observe that there is an integer ¢ > 0, such that the = 0. It is clear that for
such an ¢, we have NgZ =0, for all @ € A. Consequently, if we let A©® = Fq[tqe], then the
identity map gives an isomorphism of A®-modules

M"™ = Lieg(M),

where the left—side is endowed with the straight scalar multiplication action and the right
with the Lieg—action. Now, (1) above follows from the fact that A is a PID, Op is a free
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A-module of rank [F : k], and A is a free A®)-module (of rank ¢".)

(2) By Corollary 7.1.7 of [5], since M is a projective Op[G]-module, M is Op—projective
and G-c.t. (G-cohomologically trivial). Therefore, Lieg(M) is A-free (by (i)) and G—c.t.
(Note that the Z[G]-module structures of M™ and Lieg(M) are identical. Therefore, if M
is G-c.t., then M"™ is G—c.t. and Lieg(M) is G—c.t.) Therefore (by loc.cit.) Lieg(M) is
A[G]-projective. The A[G]-rank equality follows easily by looking at A)[G] instead (see
proof of (1) above.) O

Remark 1.5 (Extending the Lie action to k). Observe that the matrix dg[a] is invertible in
M, (F), for all a € A\ {0}. Also, for all valuations v, of F' above oo, we have

Hllbn (voo ((dE[t]_m)Z])> — 00, asm — o0.

This implies the map dg[-] extends naturally to a ring homomorphism
dE : koo — Mn(Foo)

In particular, via this map Lieg(F) is naturally endowed with a k. —module structure (ex-
tending its A-module structure) and Lieg(K ) is endowed with a k., [G]-module structure
(extending its A[G]-module structure.) An analogue of Lemma [1.4(1) shows that

Also, by Hilbert’s normal basis theorem, we have an isomorphism of k.[G]-modules
Ko = FL|G] = ksG],

where r = [F' : k|. Therefore, K, is F..[G]-projective of rank 1. Since F,, is a field, this
is equivalent to K, being F..[G]free of rank 1, see Corollary 7.1.7 of [5]. Consequently, by

an analogue of Lemma (2), in the proof of which one replaces A® with k& := F,((t79)),
we have the following.

Lemma 1.6. The ko|G]-module Liep(K ) is free of rank rn, where r = [F : k.
Proof. See the remark above. O

Definition 1.7 (The exponential map of E, see [I]). Associated to the t-module E, there
is a uniquely defined power series Expy € Id,, +z - M,,(Or)][[z]], such that

Expg(dglalz) = ¢p(a)(Expg(z)), for all a € A.

This series converges on C, defines an analytic function Expp : CL — CZ which is
surjective if F is uniformizable (see [I], §2.2]). The series Expy is called the exponential of
E and its formal inverse Log is called the logarithm of E. The series Log converges only
on some finite polydisc inside C7.

Remark 1.8. Note that the definition and uniqueness of Expy turn it into an analytic, open
A[G]-linear morphism

Expy : Lieg(Ky) = E(Ky)
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1.3. The associated special L—values. From now on, we assume that F is an abelian
t-module. (See Definition 5.4.12 in [6].) The main reason for this assumption is to ensure
that the vo—adic Tate modules T, (F) are A, —free of finite rank (equal to the rank of F),
for all primes vy € MSpec(A). In particular, if F is a Drinfeld module or a tensor product
of Drinfeld modules, then E' is abelian. (See §5 in [6] for all these facts.)

Now, we follow the ideas of [5], to associate to the data (K/F, E) an Euler—incomplete,
G—equivariant L—function

@}E{/F,So : S;_o — (Coo [G]v

where S is the subset of MSpec(Op) consiting of all the finite primes of bad reduction for F
and those which are wildly ramified in K/F, Sy := C x Z, is Goss’s “complex plane”, and
St is a certain “half-plane” sitting inside S, and containing Zsq, with the usual embedding
n — (t",n). For that purpose, as in [5], for all primes vy € MSpec(A), we let

Hvo (E) = HOIIlAUO (Tvo (E)7 Avo)
and endow these free A,,—modules with the contravariant Gr—action. Then, we set
Pyo(X) i=deta, (1 — X -7, | H) (E)" ®a4,, AwlG)),

for every v € MSpec(OF) \ Sy, with v { v9. This polynomial does not depend on vy and has
coefficients in A[G], for every v as above. We let

E . *G —s\—1
(1.9) @K/F,So(s) = H PyZ(Nv™®),
v€So
where Nwv is the monic generator of the ideal Ny, a(v). Since we are only interested in a
special value of this L—function, we will leave convergence and well-definedness issues asside,
and will treat them in a separate paper.

Although the special value ©F y r.5,(0) is well defined, for technical reasons (as explained

in loc.cit.) we focus on computing certain Euler—completed versions of it @i’%&(O), which
depend on additional arithmetic data M. For well chosen data M, one has an equality

®IE(/F,SO (O) = @f(%(o)u

so nothing is lost in the process of Euler—completion. (See § for details.) A detailed study
of these L—functions and a proof of the formulas for their special values will be addressed
in a separate paper. In this section, we only define the special values @f;}ﬁ(o) whose study
will be the main focus of this work.

An important ingredient in defining the special values above is the notion of monicity in
the ring F,[G]((¢t 1)), as defined in [5, §7.3]. This generalizes the classical notion of monicity
in F,((t7")). We state the definitions and results here, but refer the reader to loc.cit. for
details. First, we decompose G = P x A, where P is the p-Sylow subgroup of G. Second,
we let A(FF,) be the set of Glr,~conjugacy classes of irreducible, ]I‘Tq—valued characters of A.

Definition 1.10. For an algebraic extension F/F,, define the subgroup F((¢~*))[P]* of monic
elements in F((¢71))[P]* by

F((t=)P1" = - L+ FIPIE]D)

nez
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Choosing representatives y for the conjugacy classes X € ﬁ(]Fq) gives a ring isomorphism

Ya F[GI((t7)) =~ @Fq(x)[P]((t_l))-

Definition 1.11. Define the subgroup F,((t7))[G]T of monic elements in F,((¢7!))[G]* by

Fo((t))G]" =y’ GAE]F‘q(X)((W))[P]+

The following results are proved in [5, §§7.3.4-7.3.6].

Proposition 1.12. The following hold true.
(1) There is an equality of groups
Fo((TDIG) =Fo((t71)[G]" x F[t][G]*
(2) There is a canonical group isomorphism
Fo ()G /B [G] = Fo((t )G, G—g",
sending the class T of x € F, ((t71))[G]* to its unique monic representative x™.
(3) The monoid F,[t][G]T := F,[t][GINF,((t1))[G]T consists of polynomials f € F,[G][t],
such that x(f) is a (classically) monic polynomial in F,(x)[P][t], for all x € A.
Proposition 1.13. Assume that B is a finite A[G]-module which is F,|G]-projective. Then:

(1) The Fitting ideal Fitt%[G](B) is principal and has a unique monic generator
f(t) € F,[G][t]".

(2) If B is free of rank m as an F [G]-module, then fg(t) is a degree m monic polynomial,
in the classical sense.

Definition 1.14. For B as in the above Proposition, define
|Bla = f5(t) € Fy[G][t]".
and call it the A[G]-size (or G-size) of B.

The following Proposition provides the examples of A[G]-modules B as above which are
directly involved in defining the special L-values @g/jv;(()) of interest to us.

Proposition 1.15. For the set of data (K/F, E) as above, the following hold true.

(1) If v € MSpec(Op) is a prime which is tamely ramified in K/F, then Lieg(Og /v) and
E(Ok/v) are free F,[G]-modules of rank n - [Op/v : F,].

(2) There exists an Op|G]{T}-submodule M of O, called a taming module for Ok /O,
or simply a taming module, satisfying the following properties.
(a) M is a projective Op|G|-module.
(b) The quotient O /M is finite and supported only at primes v € MSpec(Op) which

are wildly ramified in K/F.

(3) For any taming module M, the A[G]-modules Lieg(M/v) and E(M/v) are F,[G]free

of rank n - [Op/v : F,], for all v € MSpec(OF)
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Proof. Observe that there are isomorphisms of F,[G]-modules (not of A[G]-modules!)
Liep(Ok /v) ~ E(Og/v) ~ (O /v)", Liep(M/v) ~ E(M/v) ~ (M/v)",

for all v € MSpec(Or) and all taming modules M. Now, apply [5, Prop 1.2.5, Prop. 7.2.4].
U]

Now, we fix a taming module M. The Proposition above permits us to consider the
monic polynomials |Lieg(M/v)|g and |E(M/v)|g in F,[G][t], whose degrees are both equal
ton - [Op/v:F,], for all v € MSpec(OF). As a consequence, we may consider the quotients

[Liervle ¢ (1 1 -1, [Gie)).

[E(M/v)|q
Definition 1.16. We define the L-value at s = 0 associated to the data (K/F, E, M) by
Lieg(M/v)|c _ _
OEM (0) = ‘E— 1+ t7'F[G[[t]).
vEMSpec(OF)

The fact that the infinite Euler product above converges (in the t~!-adic topology) to an
element in (1 + ¢ 'F,[G][[t™"]]) will be a direct consequence of our results below.

Remark 1.17. Note that for a finite set S C MSpec(Op) which contains the wild ramification
locus W for O /OF, one can define the S—incomplete infinite Euler product
Lieg(O
Ofms)i= [ O gy o ey,
’ [E(Ok/v)le
vEMSpec(Op)\S

It is shown in § below that for any such S (in particular, for S = Sy or S = W) one can
construct taming modules M (called (E, S, Ok /Op)-taming in §4.3), for which

O%/r,5(0) = O (0).
So, understanding the Euler—completed special values in Definition [I.16] suffices.

Remark 1.18. It is interesting to note that, unlike the L—functions themselves, the special
L—values above make sense even if the t—module F is not abelian. It is also the case that for
our study of these special values, which is the main object of this paper, we are not using
the abelianness hypothesis on F.

1.4. Lattices, lattice—indices, and volumes. In this section, we extend the definitions,
constructions and results of §4 of [5] to the context of t~modules. Note that Lieg(Of) sits
inside Liegp(K ) diagonally as a discrete, cocompact A[G]-submodule (because O sits inside
K, that way, see loc.cit.) Also, recall that Lieg(Ky) is a free koo[G]-module of rank nr,
where r := [F : k] (see Remark [L.6])

Definition 1.19. (Lattices in Lieg(K.), see [5, §4].)
(1) An A-lattice in Lieg(Ky) is a free A-submodule of Lieg(K) of rank equal to
dimy,_ Lieg(K ), which spans Lieg(K ) as a koo-vector space.
(2) An A[G]-lattice in Lieg(K ) is an A[G]-submodule of Lieg (K ) which is an A-lattice
in Lieg(Kw).
(3) A projective (respectively, free) A[G]-lattice in Lieg(K ) is an A[G]-lattice which is
projective (respectively, free) as an A[G]-module.

Proposition 1.20. If M is a taming module for O /O, then Lieg(O) and Expy'(E(M))
are A|G|-lattices in Liep(K).
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Proof. Tt is proved in [4, Prop. 2.5-2.6] that Liep(Ox) and Exp,'(F(Ok)) are A-lattices and
it is clear that they are also G-modules. The result then follows since Ok /M is finite and
since M is also a G-module. O]

Let M be either a taming module M or Of. Then, we have the following exact sequence
of topological A|G]-modules,

(1.21) 0 — Liep(Ko)/ Exppl(M) 228 B(K.)/E(M) = H(E/M) — 0,
where H(E /M) is defined to be the cokernel of the exponential map,

E(K
(1.22) H(E/M) = (Ke)

E(M) + Expp(Ky)
It is shown in [4, Prop. 2.6] that H(E/O) is finite. Now, from the definitions, we have an
exact sequence of A[G]-modules

E(Ok)
E(M) + Expp(Expy' (E(0k)))
Since E(Ok)/E(M) is finite, the finiteness of H(E /O ) implies that of H(E /M), for all tam-

ing modules M. The modules H(E/Ok) and H(E /M) are natural ¢—module generalizations
of Taelman’s class—-modules, defined in the context of Drinfeld modules in [9].

Definition 1.24. (Lattice index, see [5l, §4.1].)
(1) If Ay, Ay C Liep(K ) are free A[G]-lattices, let X € GL,,.(kx|G]) be a change of
basis matrix between them. Then we define the index
[A1: Agg i= det(X) ™.

We note that while X is not unique, the monic representative of its determinant
det(X)™ is unique. (See loc.cit.)

(2) If Ay, Ay C Lieg(K ) are projective A[G]-lattices, choose free A[G]-lattices F; O Ay
and F5 O Ay (mimic the proof in loc.cit. for existence) and define

1T/ Aol

1F1/Mle

This definition is independent of the choice of F; and Fs. (See loc.cit.)

Definition 1.25. (The Arakelov class, see [0, §4.2].) Let C be the class of compact A[G]-
modules M which are G—c.t. and fit in a short exact sequence of topological A|G]-modules

0 — Lieg(Ky)/A — M "5 H — 0,
where A is an A[G]-lattice in Lieg(K ) and H is a finite A[G]-module.

(1.23) S H(E/M) — H(E/Og) — 0.

A1 Aol == [T Falg -

Note that Lieg(K) is A-divisible, and thus A-injective. Thus, in the category of A-
modules the above exact sequence splits. We let s : H — M be an A-linear splitting map
for w. Thus we have an A-module isomorphism

Lieg(Ky)/A x s(H) = M.

It is important to note that, in general, the sequence above does not split in the category of
A|G]-modules; this depends on the G—cohomology of M.

Now, we follow [5, 4.2.2-4.2.3] to introduce the notion of an A[G]-admissible lattice for an
element M € C and to show that such lattices always exist.
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Definition 1.26. For M an element of the class C and a section s : H — M as above, an
A[G]-lattice A’ in Liep(K ) is called (M, s)-admissible if
(1) A C AN
(2) A'is A[ ]-projective;
(3) A'/A x s(H) is an A[G]-submodule of M.
An A[G]-lattice A’ is called M—admissible if it is (M, s)-admissible for some s as above.

Proposition 1.27. For (M,s) as above, there exist A|[G|-free, (M, s)—admissible lattices.
Further, for such a lattice A', we have a short exact sequence of A|G]-modules

(1.28) 0—>AN/Axs(H)— M— K/N —0.

Consequently N' /A x s(H) is a finite, G—c.t. A|G]|-module.

Proof. Mimic the proofs in loc.cit. and keep in mind that Lieg(K ) is koo[G]—{ree. U

Definition 1.29 (Volume Definition). We first fix a (normalizing) projective A[G]-lattice
Ao C K. For M € C, let s be a splitting map for M and let A’ be an (M, s)-admissible
lattice as above. Define

|IA'/A x s(H)|g
(A Aol

We now give a collection of facts regarding the volume function, following [5].

Proposition 1.31 (see Proposition 4.2.8 of [B]). The function Vol : C — F (T 1)[G]*
satisfies the following properties.

(1) For each M € C given by an exact sequence ([1.25)), the value Vol(M) is independent
of choice of section s and of choice of (M, s)-admissible lattice A\'.

(3) If My, M2 € C? the quantzty xﬂgM § is independent of choice of Ay.

(4) If M € C, then Vol(M) depends only on the extension class [M] € Exth[G}(H, K /A)

(if H and A are fized.)
Proof. See the proof of Proposition 4.2.8 in [5]. O

(1.30) Vol(M) =

1.5. Main results. Now, we are ready to state the main theorems of this paper, proved in

§4 below. The data K/F/k and O /Op/A are as in §1.2 and E is an n—dimensional {~motive
of structural morphism ¢g : A — M,(Or){7}.

The main theorem whose proof occupies most of this paper, is the following Equivariant
Tamagawa Number Formula for ~modules. This extends our main result in [5] from the
Drinfeld module to the t-module setting and is a G—equivariant refinement and ¢—module
generalization of Taelman’s original class-number formula for Drinfeld modules [9].

Theorem 1.32 (the ETNF for t-modules). If M is a taming module for Ox/Op, then we
have the following equality in (1 + ¢t 'F [t~ ]|G]).
EM Vol(E(Kx)/E(M))
O r(0) = - ' :
/ Vol(Lieg(K )/ Lieg(M))
An important corollary to the above Theorem is the following t~module analogue of the
classical (number field) Refined Brumer—Stark Conjecture. (See detailed comments on the

analogy in and below.)




AN EQUIVARIANT TAMAGAWA NUMBER FORMULA FOR t-MODULES 9

Theorem 1.33 (Refined Brumer—Stark for t-modules). Let M be taming module for Ok /Op
and let A" be a E(Ky)/E(M)-admissible A[G|-lattice in Lieg(K ). Then, we have

1 EM . .
Tien (VD) - Mo Oy (0) € Fitt)y o H(E/M) C Fittyq H(E/Ok).
In order to study the imprimitive (Euler incomplete) special values ©% IF 5(0) discussed in

§1.3| above, one needs taming modules M which satisfy some additional conditions. These
are called (E,S, Ok /Op)-taming. See below for the precise definition and existence.
The result we obtain is the following.

Theorem 1.34 (imprimitive ETNF). Let E be an abelian t-module as above. Let S be a finite
subset of MSpec(Og) which contains the wild ramification locus W for Ok /Op. Let M be any
(E, S, 0k /Or)-taming module. Then, we have the following equality in (14t~ 'F,[[t7]][G]).

. _ Vol(E(K)/E(W))
Or/rs(0) = Vol(Lieg (K )/ Lieg(M))

If E is a Drinfeld module, one can twist it with powers of the Carlitz module € and
obtain the (m + rank(FE))-dimensional t-motives E(m) := E ® C®™. By using the so—
called universally taming modules for the data (S, Ox/OF) (see §4.3|for the definition and
exsitence), we obtain the following equivariant Tamagawa number formula for the values
@}E(/Es(m), at all m € Zso.

Theorem 1.35 (ETNF at positive integers). Let E be a Drinfeld module of structural mor-
phism ¢ 1 A — Op{7}. Let S be a finite set of primes in MSpec(Op), containing the primes
of bad reduction for E and the wildly ramified primes in Ok /Op. Let M be a (Ox/Op,S)-
universally taming module. Then, we have the following equalities in (1 4+ t~'F,[[t*]][G])

OF . (m) = Vol(E(m)(Kw)/E(m)(M))
K/Fs Vol(Lie () (Koo)/ Lienn) (M)’

for allm € Zxy.

A notable consequence of the above theorem is the following Drinfeld module analogue
of the classical (number field) Refined Coates—Sinnott Conjecture, linking special L-values
at negative integers to the higher Quillen K—groups of the ring of algebraic integeres in a
number field. (See § for more detailed comments on the analogy.)

Theorem 1.36 (Refined Coates—Sinnott for Drinfeld modules). For data as in the last
theorem, let A" be a E(m)(K)/E(m)(M)-admissible A|G]-lattice in Liegn)(K). Then
1
[LieE(m)(M) . A/]
for all m € Z>y.

As noted in the abstract, Theorems and are key ingredients in developing an
Iwasawa theory for Taelman’s class modules. This will be addressed in an upcoming paper.

. @ﬁ/m(m) € Fittg[G]H(E(m) /M) C Fittg[G]H(E(m) /Ok),

The paper is organized as follows. In §2, we extend to the t~module context the G-
equivariant theory of nuclear operators developed in [5] for Drinfeld modules. In the same
section, we prove a G—equivariant trace formula for certain nuclear operators in the t-module
context. In §3| we use this trace formula to prove a volume formula for objects in the Arakelov
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class C. Finally, in §, we use this volume formula to prove the main theorem (Theorem
and derive all its consequences stated above. The paper relies heavily on techniques
and results developed in [5], so the readers are strongly advised to familiarize themselves
with that paper before embarking on this journey.

2. NUCLEAR OPERATORS AND THE TRACE FORMULA

We briefly review some of the theory developed in §2 of [5] about nuclear operators in the
eqivariant setting. Most of the results were proved in sufficient generality in [5] such that
we may use them here without alteration. When minor alterations are required, we note
the differences in the proofs. Only in cases where substantial differences exist do we give
full proofs in this section. Let R := F,[G] and let V be a compact, projective, topological
R-module.

Definition 2.1. We let U = {U; };>, for some M > 0, be a sequence of open R-submodules
of V such that:

(1) Each U; is G-c.t.

(2) Ui—i—l C Ul for all 4 Z M.

(3) U is a basis of open neighborhoods of 0 in V.

Remark 2.2. As in loc.cit. if V is a finitely generated as an R[G]-module (and therefore
finite), we always take U; = {0}, for all i € Z>o.

Let Z be a variable. Define the R[[Z]]/Z"N-module (respectively, R[[Z]]-module)
VIZ/Z" = V &g RIZ)/ZY, and V(Z)) = lm V(2] /2",

N>1
and endowed these with the natural (direct sum, respectively inverse limit) topologies. We

note that any continuous R[[Z]]/Z"-linear (respectively, R[[Z]]-linear) endomorphism ® of
V[[Z]])Z" (respectively, of V[[Z]]) is of the form

N—-1 o0
o = Z onZ", (respectively, & = Z onZ"),
n=0

n=0

where the ¢,,’s are continuous R-linear endomorphisms of V', for all n.

Definition 2.3 (locally contracting and nuclear endomorphisms).

(1) We say that a continuous endomorphism ¢ of V' is locally contracting if there exists
M’ > M such that ¢(U;) C U;yq for all i > M’. We will call Uy, a nucleus for ¢.

(2) We call a continuous R[[Z]]-linear endomorphism ® of V[[Z]] nuclear if for all n > 0
the endomorphisms ¢,, of V" are locally contracting. We define nuclear endomorphisms
for V[[Z]]/Z" similarly.

Next, we state several facts about locally contracting and nuclear endomorphisms and the
ensuiing nuclear determinants. The reader should follow closely the proofs in [5 §2.1].

Proposition 2.4 (properties of endomorphisms).

(1) Any finite collection of locally contracting endomorhpisms of V' has a common nu-
cleus.

(2) If ¢ and ¢ are locally contracting endomorhpisms of V', then so are the sum ¢ + ¢
and the composition ¢i).
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(3) Let ® : V[[Z]]/ZN — VI[[Z]]/ZN be a nuclear endomorphism. Let U and W be
common nuclei for the endomorphisms ¢, ’s. Then

detR[[Z”/ZN(l + (I)|V/U) = detR[[Z]]/ZN(l + (I)|V/W)

Definition 2.5 (nuclear determinants).
(1) For & a nuclear endomorphism of V[[Z]]/Z", we define the determinant of (1 + ®)

detR[[Z]]/ZN(l + (I)|V) = detR[[Z}]/ZN(l + (I)’V/U),

where U is any common nucleus for the endomorphisms ¢,,.
(2) For ® a nuclear endomorphism of V[[Z]], we define the determinant of (1 + ®) in
R[[Z]] = lim R[[Z]]/Z" by
N

detR[[Z”(l + <I>|V) = l'&ndetR[[ZH/ZN(l + (I)|V)
N

Proposition 2.6 (properties of nuclear determinants).

(1) (Multiplicativity of Determinants) If ® and ¥ are nuclear endomorphisms of V[[Z]],
then the endomorphism (14 ®)(1 + V) — 1 is nuclear, and

det gz ((1+ @) (1 + W)|V) = detgyz;(1 4 V) detryzy(1 + ¥|V).

(2) (Ezact Sequences) Let V' C 'V be a closed R-submodule of V' which is G—c.t. and let
V" i:=V/V'. Let W = {U!}; where Ul = U;NV', and U = {U/'}; where U!" is the
image of U; in V". Assume that all the U!” and U/' are G-c.t. Let ® = > ¢, 2" :
VI[[Z]] = VI[[Z]] be a nuclear endomorphism, such that ¢, (V') C V', for all n. Then
the endomorphisms induced by ® on (V', W) and (V",U") are nuclear and

detR[[Z”(l + (1)|V) = detR[[Z]](l + (I)|V/) detR[[Z”(l + (I)|V”).

(3) (Independence of Basis of Open Neighborhoods) Let U = {U;} and W = {U]} be bases
of open neighborhoods for V', satisfying the properties in Definition [2.1. Let ® be an
endomorphism of V[[Z]] which is nuclear with respect to both W or W. Assume that
for all n > 0, there ezists an M(n) € Z>q such that for all i > M(n) there exists a
j(1) > M,, with the property that

U; 2 Uj;y and ¢, (U;) € Uy,
Then, we have an equality
detR[[Z”(l + (I)|V) = det’R[[Z”(l + (I)|V),

where the determinant on the left is calculated with respect to U and the determinant
on the right with respect to U'.

Remark 2.7. Assume that V is a finite A[G]-module (i.e. an R[t]-module) which is R—free
of rank m. Then we can view ® := —t - T~ ! as a nuclear endomorphism of V[[T~!]]. Then
detgp-1(1 —¢-T7" | V) as defined above is the usual determinant of (1 + ®) viewed as an
endomorphism of the free R[[T!]]-module V ®@g R[[T]] of rank m. We have the following
equality in R[t] (see Remark 2.1.11 in [5]):

Vg =" detpr-y(1 =t - T~ [ V)|r=.
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Now, we describe the modules V' and bases of open neighborhoods U which we will use
throughout the rest of this paper. Let v be a prime of F' and let K, = Hw|v K., be the
product of the w-adic completions of K for all primes w of K, sitting above v. Let F,, O,
and m, be the v-adic completion of F', its ring of integers and its maximal ideal, respectively.
Let S, denote the set of infinite primes of F' and set K., = HvESoo K,. Let Op be the
intersection of the valuations rings in F' corresponding to the places of S and let Ok o be
its integral closure in K. (Note that these are both semi-local PIDs.)

Definition 2.8. Let R be a Dedekind domain of field of fractions F' and let 8§ be its integral
closure in K. We say that an R{7}[G]-submodule M C 8 is a taming module for 8 /R if

(1) M is R[G]|-projective of constant local rank 1.
(2) 8/M is finite and (§/M) ®x O, = 0 whenever v € MSpec(R) is tame in K/F.
Proposition 2.9 (see §7.2in [5]). For R and 8 as in the definition above, the following hold.
(1) Taming modules M for 8 /R ezxist.
(2) If §/R is tame, then any such M equals 8.
(3) For any such M and any v € MSpec(R), we have an F,[G]-module isomorphism
M/v ~F [G]"™, where n, = [R/v : Fy.

(4) For any such M and v € MSpec(R) which is tame in K/F, we have M/v = §/v.

(5) For v € MSpec(R), let M, be the v—-adic completion of M and let 7, € R, such that
v(my,) > 0. Then {WZMU}DO is a basis of open neighborhoods of 0 in K, consisting
of free O,[G]-modules of rank 1.

Definition 2.10. We call a taming module for O /Op simply a taming module for K/F
and call a taming module for Ok »/OF an co-taming module for K/F.

Definition 2.11. Now let (M, M) be a taming pair for K/F consisting of a taming module
M and an oco-taming module M> for K/F. Below, we define bases of open neighborhoods
satisfying Definition for three different types of compact, projective R-modules V.

(1) For a prime v of F, let V := K. In this case, define
{Uiutizo = {(t7" M) }izo, {Uio}izo = {(m,M,)" }izo,
for v € Sy and v ¢ Sy, respectively, where M,, and M° denote the obvious v-adic
completions. Note that these neighborhoods satisfy the properties in Definition [2.1},
since finite products of G-c.t. (therefore projective) R—modules are also G-c.t.
(2) Let V be an A[G]-module in class € (Definition [1.25)), of structural exact sequence
0 — Lieg(Ky)/A —V — H — 0.

In particular, V' is a compact, projective R-module. We let U; o =[], 5. Uiy and
recall that A is discrete in K. Thus there exists £ > 0 such that U; ., N A = {0},
for all 2 > ¢. Thus, we define a basis of open neighborhoods for V' by setting

U = {t(Ujco) bize-

For simplicity of notation, we will often omit + and think of it as simple inclusion.
(3) Now, let S be a finite set of primes in F' containing S and set Kg = [[ . K. Let

Ops={a € F:v(a) >0, forvegS}
be the ring of S-integers in F. Let Mg = M ®o, Ops C Kg and let
V= (KS/Ms)n
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As above, set
Uis =[] Uin C K§.
vES
Since Mg is discrete in Kg, there is an ¢ > 0 such that U; s "M% = {0}, for all i > ¢.
We set U to be the set of (isomorphic) images of the U, g in (Kg/Mg)", for all i > ¢.

Proposition 2.12. Let (M, M) be a taming pair for K/F and let S be a finite set of
primes of F' containing S .
(1) Let ¢ = D7t for some D € M,(Opgs) and £ > 1. Then ¢ is a locally contracting
endomorphism of (Kg/Mg)™.
(2) Any ® € M,,(Ops){7}[Z]]T is a nuclear endomorphism of (Kg/Mg)"[[Z]].
(3) Let D € M,,(Opg), let o € Ops and let ¢ = D7° for £ > 1. Then we have
detR[[zﬂ<1 + Q¢Zm|KS/Ms) = detR[[z]](l + d)OéZm|Ks/Ms),
for allm € Z>,.
Proof. For D € M,(OFz), we denote the (7, j) entry of D by D; ;.

The proof of part (1) follows the proof of [5 Lemma 2.3.3] with a minor alteration. We
let m € Zsy, such that m > (1 — max(v(D;;))), for all v € S. Then 7(M,) € M, and
T(M®) € M2, so we have (U, ) C U,y g, for all i > m.

The proof of part (2) is identical to that of [5, Cor. 2.3.4].

The proof of part (3) follows as in the proof of [5, Proposition 2.3.5], with one minor
change: in the proof in loc.cit. we set a € Z>( such that U, ¢ "M% = {0} and let

b := min{a + max(v(D,;)) : v € S}.
The rest of the arguments then carry through without modification. O

Lemma 2.13. Let (M, M*) and S as in the last proposition. Let ® € M, (Ops){7}|[Z]]T,
viewed as an R[[Z]|-endomorphism of (Ks/Mg)"[[Z]]. Then the nuclear determinant

detR[[Z”(l + (I)|<KS/MS)n)
is independent of the taming pair (N, M>).

Proof. This is the n—dimensional analogue of Lemma 2.3.10 of [5] and the proof is identical.
O

Lemma 2.14. Let M be a taming module for K/F, let S be a finite set of primes of F
containing Ss, let v € MSpec(Op) \ S, and let S" :== S U {v}. Then, for any operator
® € Mat,(Ops){7T}H[Z]]7Z, we have
_ detR[[Z]](l + CI)|(KS//J\/[S/)”)

detrzy (1 + ®[(Ks/Mg)") -

Proof. The proof of this lemma follows the proof of [B, Lemma 3.0.1] very closely, with minor
modifications. Begin with the following exact sequence of compact, G-c.t. F,[G]-modules

oo (Ko \" . (Ks\"
0— (M,) —>(MS,) —>(MS) — 0,

where ¢+ M, — 5= and n @ F5 — J% are defined in loc.cit. Just as in loc.cit., one
S S

det gz (1 + @{(M/vM)")

Kgr

n n
M—g/) and (ﬁ—?) , respectively, out

constructs bases of open neighborhoods ' and 4 for (
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of a taming pair (M, W*). Asin loc.cit, it is easy to check that 4’ and i satisfy the properties
in Proposition [2.6(2) and conclude that

Ko \" Kq¢\"
detR[[Z]] <1 + (I)’ (M—Z) ) = detR[[Zﬂ(l + (I)|(J\/[v)”) . detR[[Z]] (1 + (I)’ (M_i*> ) .

Finally, as in loc.cit., we note that
det gz (1 + @|(My)") = detriz (1 + |(M/vM)"),
which concludes the proof. O

Theorem 2.15 (Trace Formula). Let M be a taming module for K/F, let S be a finite set
of primes of F' containing S« and let ® € M,,(Ops){7}|[Z]]TZ.

H detR[[Z” <1 + (I)| (M/UM)n> = detR[[Z” <1 + (I)| (KS/Ms)n>

vEMSpec(OF,s)

Proof. This proof is similar to that of [5, Thm. 3.0.2], although in the higher dimensional
case we need to be careful, as the elements of M, (Org) don’t commute with each other, in
general. As in [5], we prove the equality above mod ZV (in R[[Z]]/ZN), for all N € Zsy.
Write @ = > | ¢,,Z™ with ¢,, € M,(Ops){T}7. Let N € Z-( and let D = D(N) be
such that we have deg_ ¢, < %, for all m < N. Let
T :=Tpy =S U{v e MSpec(Ops) | [Ops/v:F,] < D}.

By Lemma applied |T"\ S| times, we have

I detrgzy (1 + @ (M/vM)")

veT\S

_ detryzy (1 + ®|(Kr/Mp)")
detR[[Z”(l + <I>|(KS/MS)”) ’

Therefore, it suffices to show that
H detR[[Z”/ZN(l + (I)‘ (M/UM)n) = detR[[Z”/ZN(l + (D‘ (KT/MT)n>71.
veMSpec(OF,T)

In fact, we will show that both sides in the equality above are equal to 1 in R[[Z]]/Z.
Following Taelman [9, Thm. 3], we let 8p y C M, (Orr){7}[Z]]/Z" be the set

N-1

Spn=14q1+ Z Y 2™

m=1

D
deg (V) < mT’ for all m < N

The set 8p y is a group under multiplication, and (1 + ®) mod ZN e 8p,n. Observe that
we can inductively decompose the operator (1 4+ ®) into a product of elementary terms mod
ZN . Since the coefficients of ® no longer commute as they did in [9] we briefly illustrate how
this argument works. Suppose we write

1—|—(I) = 1+(P170—|—P1717‘+' . '—|—P1757'€)Z+(P270—|—P2717'+' . '—I—P27m7'm)22—|—. <y ]Di,j c Mn(OF,S)
Then we find that mod Z2, this expression for 1 + ® agrees with
(2.16) (1+ PioZ) 1+ PiatZ)(1+ Pipr’Z) ... (1 + Pt 2).

We then include terms in the above product expansion which cancel out the Z? terms from
(2.16), namely

(217) (1 — PL()PLlTZQ)(l — P170P1?2TQZ2) 4+ ... (1 — PLZ,IPL[T%*IZQ)
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and include terms which give the correct coefficients for the Z2 terms
(2.18) (1+ PooZ?)(1+ Poa7Z%) ... (1 + Po).

Putting this altogether we see that 1 + ® agrees with the product of the three expressions
([2.16)-(2.18) mod Z3. Then, we continue this process inductively so that we get an equality
of the form

1+ ®=[[(1+ M7 2") mod ZV, M; € M,(Ops).
ik
Now we use a trick of Anderson ([2, Prop 9]). Since Opr has no residue fields of degree
d < D over Fy, for every d < D there exists fg, a4 € Opp, with 1 < j < My, such that

1= Zfd] adj agj).

Then for every R € M,(Opr), and every n < N and d < D, we have

My

1-— (Rfd'Td)ad'Z"
1 — RriZ" = J '~ _ mod Z™,
1_11: 1-— adj(Rfdde)Z"

since the constants fg;, ag commute with the matrix R. Thus every such operator 1+ ® may
be decomposed mod ZV into a finite product with terms of the form

— (Rt9azm

——————, Re M,(Opr),a € Opr.

1 —a(Rrd)Z" (Orr) FT

Then, by properties of finite determinants together with Proposition m(?)) we get

— (RtYaz" 1 — (Rt%)az"
det —— (M " =det — (K "l =1
CRRIZ)/ZN (1 —a(Rt¥)Zn (M/vM) CLr(z])/zN \ T2 a(Rrd)Zn (Kr/Mr) ;
for all v € MSpec(Op ) which finishes the proof. O

Corollary 2.19. Let M be a taming module for K/F. Let E be a t-module with structural
morphism ¢g : Fyt] = M, (Op{r}). Then

1-— ng(t)Til

d—_ TET
1-— dE[t]T_l

— 1= (1=¢p()T") (1 —dplt]T™")" =1 € My(Op){r}[T™"]]
is a nuclear operator on (Ko /M)*[[TY]] and we have
OEIL(0) = det g 1y(1+ B | (Kau/ M) e

Proof. By Remark H applied to V' := (J\/[/ v)n, we have an equality

B H | Lieg(M/v)|a H det g1y (L — dp[t)T™" | (M/0)")|r=
/(0 |[E(M/v)|a det g1y ( 1— op(t)T=1 | (M/v)")|r=

Since

¢ = Z dplt] — dp(t))delt] T ™" € M (Op){T}[T )T,
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by Proposition 2.12(2), ® is a nuclear operator on (K. /M)" and on (M/v)", for all v.
Applying the Trace Formula for S = S, gives

O 7w (0) = [ detrgr-1y(1+ @ | (M/0)") " s = detpyr-y (1 + @ | (Koo/M)™) |7+

3. VOLUME FORMULA

In this section, we prove a theorem linking certain nuclear determinants to volumes of
objects in the Arakelov class €. When combined with Corollary [2.19] this theorem provides
the essential bridge between special values of L—functions and volumes of objects in the
Arakelov class C. This section is the generalization to t-modules of §5 in [5].

Let My, M, € C. Assume that their structural exact sequences are as follows
(3.1) 0 — Lieg(Ku)/As = M, = H, — 0,

where A is an A[G]|-lattice in Lieg(K), for s = 1,2. Fix £ > 0 sufficiently large so
that t'O% N Ay = {0}, for all ¢ > ¢ and s = 1,2 and identify t~*O% _ with its image in
Liep(K)/As, for all i@ > (. Fix an oo-taming module W*> for K/F. With notations as
above, we use Definition M(Q) to construct open neighborhoods of 0 in M, for all s = 1,2,
which we denote as U = {U; o };>¢. By the construction above, there exists a € Zg, which
we fix once and for all, such that

(3.2) O C U, SO, for all @ > .

We need to understand how the dg[t]-action on Lieg(K ) interacts with the chosen open
neighborhoods U; . We remind the reader that dg[t] = tI,, + N, for some nilpotent matrix
N. The extra degree contributions from N cause most of the deviations from the proofs
presented in §5 of loc.cit.

Definition 3.3. We equip K, with the sup norm, normalized such that ||t|| = ¢, then extend
this to Mat, (K ) by taking the max of the norms of the entries of a matrix. Abusively,
we denote this extended norm by |-||.

Note that in this norm, for D, D’ € Mat,«x(K) and v € K* we have
DV <D Ivll, 1D+ D'|l < max{|| DI, [ D1},
and also ||D - D'|| < ||D|| - [|1D']| if r = k.
Lemma 3.4. There exists a constant C' € Zx( such that
(1) For all m € Z, we have
¢" =" < Ndpl™|| <[] - ¢ = ¢"*€.
(2) For all m € Z, we have
t"=C0%  Cdp[t]" 0% Ct"CO% .
(8) For alli > ¢, we have

OO0, Cdg[t] T 0k, C 0% C Ui CHT0% Cdg[t] 0%
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Proof. Recall that dg[t] = t1d, +N, where N is a nilpotent matrix such that N¢ = 0 for
some e < n. Then for m € Z we have

dpt]™ = (t - 1d, +N)" = t™ + art™ 'N + -« + qo_t™ T Ne?
=t"(1 4 ayt "N + -+ ae_t' N,
for some a; € F,. Thus let C' € Z>¢, such that

¢ > max |[tT"N*|.
0<k<e—1

On the other hand, let r € Zx¢, such that an: = 0. We have

ldelt™ " > Ide[t™]" || = [ L]l = [[t|™".
Consequently, we have ||[dg[t™]|| > ||t™]|. So, since dg[t™] = dg[t]™, we have

¢" = [t < Nldef™ | < ")) ¢ = ¢,
for all m € Z. The right-side inequality above implies that

dplt]"O%_ Ct™COy . Y0k Cdplt] O,
for all m € Z. Therefore, for all i > ¢, we have
0% Cdp[t] T 0, C 0%, C U C 0% Cdplt] OO0 .
O

Definition 3.5. Let M, My be in the class € and have structural exact sequences as in
Definition and let N € Z>o. A continuous R-module morphism v : M; — M, is called
N-tangent to the identity if there exists ¢+ > ¢ such that

(1) v induces a bijective isometry (15" 0y o) @ t7°0% =~ t7'O% , where 1, is the
structural map of (3.1)), for s =1, 2.
(2) If we let ; denote the bijective isometry (13" 0y o0uy) : t7'O%  ~t7'O% , then

i) — 2| < =772 - Jlal for all » € t Ok,

where a and C are as defined above.

If v is N-tangent to the identity for all N > 0, v is called infinitely tangent to the identity.

Proposition 3.6. Let I' : K} — K2 be an F,[G|-linear map given by an everywhere
convergent power series

['(z) = Id,z + Dz + Dyz® 4 ., with D; € M,,(Ky), z¢€ KL.

Let Ay, Ay C K™ be A[G]-lattices and assume that T(Ay) C Ay. Let T' : K /Ay — K™ /A,
the map induced by I'. Assume that v : My — My is a continuous F,[G]-linear morphism
such that 1;  oyou =1 on t_KO’}(OO. Then v is infinitely tangent to the identity.

Proof. Let N > 1. We will show that ~ is N-tangent to the identity. Since the power
series for I' is everywhere convergent, the coefficients D; must be bounded in norm. Let
D := sup, || D;||. Thus, if i > ¢ is sufficiently large and z € t7'O% _, then we have

_ 2 _
(" 0y 0 u1)(z) —2ll = [(D12" + Doz® + -+ )[| < D |lzl|",  [l(5" 0y o))l = ||zl
In particular, if ¢ is sufficiently large, then (13" 0oy o) : t770%  — ¢t7'O% _ is an isometry,
which is strictly differentiable at 0 and (15 oyo¢1)(0) = 1. By the non-archimedean inverse
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function theorem (see [8, 2.2]), for all i > ¢ the map (15 0o yo¢y) : t7'0%  ~t7'O% isa
bijective isometry. Further, for all ¢ > ¢ and all z € t7*O%_\ {0}, we have
165" 0y 01)(z) — 2] ) ) N
: izl < Dlz]|""! < DIJt|| =@ < )¢ =2,
which shows that, indeed, v is N-tangent to the identity. 0

Definition 3.7. Let M, M, € C and let v : My ~ M, be an R-linear topological isomor-
phism. We define the endomorphism A, of M;[T~'] by

11—~y a7t > -
3.8 ANy =—or —— 1= O ™™,
(38) 7 1 —tT-1 mz::l

where 6, = (t — v ty)t™1, for all m > 1.

Lemma 3.9. With notations as in the definition above, if the topological R—linear isomor-
phism v : My ~ My is N-tangent to the identity, then the map (A, mod T~) is a nuclear
endomorphism of My[T~]/T~N. Furthermore, if v is infinitely tangent to the identity, then
A, is a nuclear endomorphism of My[[T~']].

Proof. We use the arguments in [5, Lemma 5.1.5], except for a few norm estimates which
must be slightly adjusted. Let 1 < m < N. Let ¢ and ~; be as in Definition [3.5} Then it is
easy to check that for all j > m + 2C' + i, we have equalities of functions defined on t*j(‘)’}(oo

Om = (dplt] — 7 'dplt)y)de[t]" " = v (v — 1)dplt]™ +~;  dplt](1 — v)dg[t]" "
Consequently, the conditions imposed upon =; in Definition [3.5(2) and the inclusions in
Lemma [3.4(2) imply that

(v (i = Ddg[t]™) (7 0% ) Ct 77 C0%
(v Hdelt](1 = y)delt] ") (0% ) C IO .
Thus the inclusions ([3.2) imply that 6,,(U; ) C Uji1,00, which concludes the proof. O
Now, we treat the particular case My = My = Lieg(K)/A, for an A[G]-projective lattice

A C Lieg(Kw). As above, we fix £ > 0 such that t 7 “O%_NA = {0} and fix a € Z satisfying
(3.2) and C € Z>, satisfying Lemma For simplicity, we let V' := Lieg(K.)/A.

Definition 3.10. An R-linear, continuous endomorphism ¢ : V' — V is called a local
M—contraction, for some M € Z-, if there exists ¢ > ¢ such that

o)l < N1~ - [Ja], for all x € 70} _.

Remark 3.11. If ¢ as above is a local M—contraction for some M > a, then ¢ is locally
contracting on V' and therefore the nuclear determinant detgyz;(1 — ¢ - Z|V)) makes sense.
Indeed, pick an ¢ > ¢ as in the definition above. Then, for all 7 > ¢, we have

$(Ujoo) € o(t70% ) C 7 MO% 777710k C Ui oo
This shows that U,  is a nucleus for ¢.
Proposition 3.12. Let v : V >~V be an R-linear, continuous isomorphism which is N —

tangent to the identity. Let a = dg[t]y and let ¢ : V — V be an R-linear, continuous, local
M -contraction for M > 2a + 5C. Let D := M — (14 C). Then the following hold.

(1) ap and Yo are local D—contractions on V.
(2) detR[[Z”(l — a1 - Z|V) = detR[[Z]](l — Yo - Z|V)
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Proof. Again, some of the degree estimates in the proof are slightly different than those
in [5, Prop. 5.2.3], so we give the details here. Fix ¢ > ¢ such that v : t_(’_l_C)O?’{OO —
¢t~ 0712901 s a bijective isometry and such that

[o@)I < (1t~ - [[a]], for all x € =070 .
(1) For i chosen as above it is easy to check that
llewp (@) < [[tl7PMll,  [a(@)|] < [[tlI77l|z]], for all 2 € t7 Ok,

So, atp and a are D—contractions on t‘Of_. Since D > a, these are locally contracting
endomorphisms of V' by Remark [3.11} and so the nuclear determinants in (2) make sense.

(2) Since M, D > a, Remark combined with the proof of (1) above show that v, a1,
and 9o are all locally contracting on V' of common nuclei Uj; o, for all 7 > ¢ and 4 chosen
as above. Now, since 7 is an isomorphism and V' is t-divisible (because Lieg(K ) is, as
dg[t] € GL,(Ky)), « is surjective. Therefore o induces an R-module isomorphism

V/Oé_l(ULoo) & V/Ul,oo
Since ANU; o = {0}, if we let a1 (U; )" :== 7 (dg[t] U, ), we have
o (Uiee) =7 Hdp[t] T A/A) & a7 (Ui)™.

Since v and dg[t] are isomorphisms, the R-modules v~ ! (dg[t]'U; « ), v ' (dg[t] 'A/A) and
a™ (U, ) are projective (i.e. G—c.t.) because U, o, and A are G—c.t. By Lemma [3.4] we get
(3.13)

t—(i—l—l)—a—Co’r[z(oo g a_l(Ui,oo)* g t—(l-{—i)—&-Co?}’L(oo’ t—(i—&-l)—ao?(oo g Ui+1,oo g t_(i+1)o7[l('oo-

Consequently, we get
(3.14)

(Wa)(a™ (Uin)) = ¥(Uine) S+ M0k, C#7H™7C0%  C a7 (Uin)” € a7 (Uso).
So, we have a commutative diagram of morphisms of finite, projective R—modules
V/a Y (U, o) —— V/U,
| vo [
V/a Y (U, o) —— V/U, o,
whose horizontal maps are isomorphisms. This gives an equality of (regular) determinants
(3.15) detpz(1 — avp - Z|V/U, o) = detgyzy (1 — Yo - Z|V/a (Ui ).
Now, consider the short exact sequence of projective R—modules
0= a ' (Uiw)/a " (Uin)* = V/a  (Uin)* = V/a (U, o) — 0.

Noting that (3.14)) implies that )« induces an R-linear endomorphism of the exact sequence
above and that Yo =0 on a (U, «)/a (U «)*, the exact sequence above gives

(3.16) detR[[Z}](l —Ya - Z|V/a_1(Ui7m)) = detR[[Z]}(l —Ya - ZlV/a_l(ULOO)*).

Now, enlarge ¢ further so that ¢« is a D—contraction on t_(i“)*CO?(OO (see proof of part
(1).) Since D > 2a + 4C, equation (3.13) leads to the following inclusions

Ya(a (U e)"), (Ui ) C t_2a_3c_(i+1)o7f<m C o (a_l(Ui,oo>*) .
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Now, since also implies that
e (@' (Ui)") € Upsio0, @ H(Uso),

the last displayed inclusions show that ) = 0 on the quotients

Ujsy oo/t (Oé_l(Ui,oo)*) ,a (U )t e (a_l(Ui,oo)*) ‘
Consequently, a short exact sequence argument similar to the one used to prove above
gives the following equalities of (regular) determinants

detrz(1 —va- Z|V/a"(U;»)*) = detgyzy(l —a- ZIV/t % (U;x)")
= detpz(l —va - Z|V/U;ii ).
Now, we combine these equalities with (3.15)) and (3.16)) to obtain
detryz) (1 — av - Z|V/U; ) = detgyzy(1 — Yo - Z|V/Uii o).

Recalling that U; o, and U;;4 « are common nuclei for ¢a and at), this leads to the desired
equality of nuclear determinants, which concludes the proof of part (2). O

Lemma 3.17. Let v, v, o and M be as in Proposition except that we require that
M > ((C+1)N), for some fited N > 1. Let B be in the R-subalgebra R{a,v} of Endg(V)
generated by o and v with the property that it is a sum of monomaials containing at least one
factor of ¥ and of degree at most m, for some m < N. Then f3 is a local [M —(C+1)(m—1)]-
contraction.

Proof. Take i > 0, such that ~ is a bijective isometry on t‘i(‘)?{m and 1 is an M—contraction
on ¢~ HCEHVM=DOn.  Then, for all z € t'O%_, we have

la(@)l = lldeltly (@)l < ¢ ]].
Consequently, since [ contains at least one occurrence of ¥, we also have
1B < [[¢) V=D=M ).
O

Corollary 3.18. Let N > a and let v : V >~V be an R-linear, continuous isomorphism
which is ((C + 2)(N + 1))—tangent to the identity. Then, we have

detgyp-1r-v (1+ Ay [V[[T]/TY) = 1.

Proof. We use the main ideas in the proof of Corollary 1in [9]. Let Z := T~!. Let a := dg|t]y
and ¢ := (y~1 — 1), viewed as a continuous, R-linear endomorphism of V. Then, we have

1-W+1N)a-Z
l—aW+1)-Z°

Now, since 7! is ((C+2)(N+1))-tangent to the identity, ¢ is a local ((C+2)(N+1)+a+2C)-
contraction (see Definition [3.5(2)). As in the proof of Cor. 1 [9], one writes

mod 2" = —_—— mod Z
l—alp+1)-Z © H 1 —athy, - Zm ¢ ’

14+A, =

m=1

where the v,,,’s are uniquely determined polynomials in R{«, 1} of degree at most m, con-
taining at least one factor of ¢. According to Lemma [3.17] since

(C+2)(N+1)+a+2C)—(C+1)(m—1) > ((C+2)(N+1)+a+2C)—(C+1)(N—2) > 2a+5C,
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we conclude that 1, is a local M,,—contraction on V', with M,, > 2a + 5C, for all m < N.
Now, we may apply Proposition m(Q) to a, ¢ := 1, and M,, to conclude that

1 —vYpa- 2™

detR[[Z”/ZN(]_ + Afy | V /ZN H detR ANA (m

V[[Z]]/ZN> =1

O

Lemma 3.19 (Independence of «). Let My and My be modules from the class C and let
Y1,Y2 : My — My be be two R-linear, continuous isomorphisms which are ((C'+2)(N +1))-
tangent to the identity for some N > a. Then

detR[[T—lﬂ/T—N(l + A% |M1) = detR[[T—ln/T—N(l + Aw |M1)

Proof. The proof is identical to the proof of [5, Lemma 5.3.4]. We sketch a few of the details
here for the benefit of the reader. First we write

(3.20) (L+A) =[r'A+A, )l (L+A,)
Thus, by exactness of determinants it suffices to show that
detpyr-yr-~(1+ A, -1 [ Ms) =1,
which follows from Corollary applied to V = M, and v = 175 " U

Next, we state and prove the volume formula. This is a generalization to the entire
Arakelov class C of the fact that if v : H; ~ H, is an R-linear isomorphism of finite,
projective R[t|-modules (i.e. finite objects in class C), then
_ | Hse

|Hi|g

detR[TA]] <1 + A’Y|H1>

T=t

(See §5.3 of 5] for a proof of the above formula.)

Theorem 3.21 (Volume formula). Let My and M,y be modules form the class C and let
v i My — My be an R-linear, continuous isomorphism which is infinitely tangent to the
identity, and assume that My = Lieg(Ky)/Aa, for a projective R[t] = A[G]-lattice Ay in
Liep(Kw). Then

VOI(MQ)

detR[[Tflﬂ (1 + A,Y‘M1> = W

T=t

Proof. This proof follows nearly identically to that of [5, Thm. 5.3.2]. For the convenience
of the reader, we give a sketch of the proof here and refer the reader to loc.cit. for more
details. We remind the reader that M; fits in the structural exact sequence .

We first establish the equality above mod ¢ in the restricted case that the A[G]-lattices
A1 and Ay are both contained in a (M, s;)—admissible A[G]-lattice A C Lieg(K,), but with
the milder requirement that ~ is merely ((C' + 2)(N + 1))-tangent to the identity, for some
N > a. In this case, as in loc.cit., we pick an R-projective, open submodule U of Lieg(K ),
such that we have an equality of R-modules

Liep(Kw) =A@ U.
Note that for such a U the map ~ is an R-linear isomorphism

v M1 =U®d (A/Al X Sl(Hl)) EU@A/AQ =
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This implies, as in loc.cit., that there is an R—module isomorphism
€ (AJAy x s1(Hy)) ~ AJAs.

Then, we fix an R-module isomorphism p : M; — M such that p is the identity on U and
it restricts to & on (A/A; x s1(Hy)). Since 7 is ((C' 4 2)(N + 1))-tangent to the identity and
p is infinitely tangent to the identity, Lemma gives

det pyr-1yyr-~ (1 + Ay [ M) = detpyr-1p-v (1 + A, | M),
Now, we get a commutative diagram of topological morphisms of modules in the class C
0—— (A/Ay x s1(Hy)) — My — Koo/A——0

O

0—— A/A, M, Keo/A——0,

from which we conclude that

detR[[T—lﬂ/T—N(l + Ap | Ml)

= detR[[T_1”/T_N(1 + Ag | A/A1 X Sl(Hl))
T=t T=t

[(A/AL X s1(Hy))lg _ Vol(Ms)
[A/Azla Vol(My)

This concludes the proof of our equality mod ¢~ in the restrictive case.

mod V.

Now, we prove the general case. Fix N > a, as above. For i = 1,2, fix A[G]-free admissible
lattices A; D A; and set X € GLy,(kx|G]) to be the change of basis matrix between two
fixed A[G]-bases e; and eq for A; and A, respectively. Then, we factor X (see loc.cit.) as

X =B Xy, Xye€ (14t (CRDND Mat,, (F[[t7Y][G]), B € GLn(F,(1)[G]),

and let ¢x, : Liep(K«) — Lieg(K) be the ko[G]-linear isomorphism given by Xy in the
ks|G]-bases ey and ey of Lieg(K ). This map, together with the structural exact sequence
for M; induces the commutative diagram of objects in the Arakelov class C

el

0—>L1eE(KOO)/¢XO(A1) M{ Hl 0,

where the bottom exact sequence is the push-out along ¢x, of the upper one and ¢ is the map
induced by ¢x,. It follows that ¢ : My — M] is ((C'+2)(NN + 1))-tangent to the identity and
thus yoo¢™' : M| — M is as well. Since ¢x, (A1) and Ay are contained in a common lattice
(because ¢x, (A1) and A, are, as the transition matrix between their A[G]-bases ¢x,(e1) and
ey is B € GL,,,(k[G])), we apply our result in the restrictive case to conclude that
VOI(MQ)

detR[[Tfl]]/TfN (1 + A'yogi)*l | M{)|T:t = W mod
Now, since ¢ is R|t]-linear (i.e. A[G]-linear), we have (1 + Ag) = 1. Therefore, (3.20)
combined with the above equality gives

t_N

Vol (M. _
det gyr—1yr-~ (1 + Ay | My)| 7= = W mod ¢tV
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Now, just as in loc.cit, it is easy to see that
———~= =det(Xy) =1 dt .
Vorar) ~ det(Xo) o

Combining the last two equalities and taking the limit as N — oo concludes the proof. [

4. MAIN RESULTS

4.1. The Equivariant Tamagawa Number Formula for {—modules. In this section,
we prove the results linking the special values at s = 0 of the L—functions associated to an
abelian t—-module E as above and the volumes of the relevant objects in the Arakelov class
C. These are perfect generalizations to abelian t—modules of the main results in [5]. (See
§6.1 in loc.cit.)

Theorem 4.1 (ETNF for t-modules). Let M be a taming module for Ok /Op and let E be an
abelian t-module of structural morphism ¢g : A — M, (Op){7}. Then, we have the following
equality in (14 t'F [[t7]][G]),

__ Vol(E(Kx)/E(M))

~ Vol(Lieg(K )/ Lieg(M))’

Proof. Note that we have exact sequences

O 7p(0)

(4.2) 0 — Liep(Kx)/ Exppl(E(M)) 228 B(K.)/EM) — H(E/M) — 0,
and
(4.3) 0 — Liep(K )/ Liep(M) “=5 Lieg(Kw)/ Lieg(M) — 0 — 0,

and thus Lieg(K)/ Lieg(M) (trivially) and EF(K)/E(M) are both in the Arakelov class
€ (see Definition [I.25]) Let v : E(K.)/E(M) — Liep(K.)/Lieg(M) be the continuous
F,[G]-module isomorphism given by the identity. Note that this map is not t-linear, since
the domain and image modules have different ¢-actions. Then, as in Definition [3.5 define
7 = 15" 0 0 Expp and note that 5 : K" / Expy' (M) — K" / Lieg(M) is equal to the map
induced by Expg. Then, since Expy : KL — K7 is given by an everywhere convergent
power series, Proposition [3.6] implies that ~ is infinitely tangent to the identity. Thus, by
Theorem [3.21| we get

_ Vol(Lieg(K )/ Lieg(M))
=i Vol(E(Kx)/E(M))
By the the definition of A, from (3.8)), we can rewrite the above equality as

detp, jayr-1(1 + A, | E(Kw) /E(M))

detr, 1) ( 1 — dglt] - T K;“;) _ Vol(Licg(Ku)/ Lieg(M)
’ 1—g(t)-T71| M - Vol(E(K.)/E(M))
Finally, Corollary gives
O (0) = Vol(E(K)/E(M)) |
K/F Vol(Lieg(K )/ Lieg(M))

As in [5 Cor. 6.1.2] we also get a corollary to the preceding theorem.
Corollary 4.4. If pt |G|, then we have the following equality in (1 4+ t'F,[[t~]][G]):
0%/ r(0) = [Liep(Ok) : expy' (E(Ok))]a - |H(E/Ok)]e.
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Proof. This follows immediately from Theorem [4.1] Indeed, if p { |G|, then Ok is a taming
module for K/ F, all the modules of are F,[G]-projective, and Lieg (K, )/Expy' (F(Ok))
is A[G]-injective. Thus, the exact sequence in question splits in the category of A[G]-
modules. The corollary follows immediately. (See proof of [5, Cor. 6.1.2] for details.) O

4.2. Refined Brumer-Stark for t-Modules. The theorem below is the t—module ana-
logue of the classical Brumer—Stark conjecture for class—groups of number fields. The reader
is encouraged to read §6.2 in [5] for detailed comments on the classical Brumer—Stark con-
jecture and its Drinfeld module analogue proved in loc.cit.

Theorem 4.5 (Refined Brumer—Stark for t—modules). Let M be taming module for K/F
and let E be an abelian t-module with structural morphism ¢g : F,[t] — Mat,,(Op){7}. Let
A be a E(Ky)/E(M)-admissible A[G]-lattice in Liep(Ky) (as in[1.26), then we have

1 EM 10
-0-(0) € Fitty o H(E/M).
[LieE(M) . A/]G K/F( ) S8 A[G] ( / )

Proof. Let s : H(E/M) — E(K)/E(M) be an F,[G]-linear splitting for the structural exact
sequence (4.2)), such that A’ is s—admissible. From the definition of the volume function and

from Theorem (1] we have

Ter g 940 = /e (E00) PO

Then, since | - |¢ is defined to be the generator of the Fitting ideal, we deduce

1
[Lieg(M) : Ag

Then, observe that from (4.2)) we have an A[G]-linear surjection
(A'/expp™ (E(M)) x s(H(E/M)) — H(E/M),

- O7p(0) € Fittg (A fexps ™ (E(M)) x s(H(E/M))).

which, by basic properties of Fitting ideals gives an inclusion
Fitthe (A'/expe™ (E(M)) x s(H(E/M))) C Fitth H(E/M)),
from which the theorem follows. 0
As a consequence of the above theorem, we obtain two corollaries.

Corollary 4.6. With notations as in Theorem [{.5, we have

1 .
Tien V)~ Mo - 07w (0) € Fittyg H(E/O).

Proof. Since M C Ok, we have a natural surjective morphism H(E/M) — H(E/Og) of
A[G]-modules. This gives an inclusion Fitt%[G]H (E/M) C Fitt%[G]H (E/Ok). O

Corollary 4.7. If pt |G|, then we have an equality of principal A|G|—ideals
1

[Lieg(Ok) : expy' (E(Ok))]a

Proof. This follows directly from Corollary U

Ok/r(0) - A[G] = Fitt)y H(E/Ok).
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4.3. Imprimitive (Euler incomplete) L—values. In this section we explain how the re-
sults in above lead to equivariant Tamagawa number formulas for any Euler—incomplete
special L—value of the type

EOKU
H|| /v)le

K/FS LleE OK/U ‘G

where S is any finite subset of MSpec(Op) containing the wild ramification locus W for
Ok /Op. This section builds upon ideas developed in [3] in the non—equivariant setting.

Definition 4.8. Let S be a set as above. An Op{7}[G]-submodule M of O is called
(E, S, 0k /Op)-taming if the following hold.
(1) M is (S, 0k/Op)-taming, i.e. M is Op[G]-projective and Ok /M is finite and sup-
ported only at primes in S.
(2) For any v € S, we have an isomorphism of A[G]-modules

E(M/v) ~ Lieg(M/v).
Remark 4.9. Observe that for an (F, S, Ox/Or)-taming module M and any v € S, we have
an equality of monic elements in A[G]
|[E(M/v)|e = [Liep(M/v)]e.

Consequently, from the definitions we have an equality of special values
EM
@K/FS( ) = @K/F( ).

In particular, if S = W, then M is an Ok /Op—taming module in the classical sense, with
the additional property (2) in the definition above, so we get equalities

05/ rw (0) = O3 (0):

The next Lemma gives us a recipe for constructing (E, S, Ox/Op)-taming modules. It is
very important to note that the recipe is independent of the t—module E, i.e. it produces
(E, S, O /Op)-taming modules, for all -modules E as above.

Lemma 4.10. Let S be a set as above, let M be an Ok /O p—taming module and let
56 H Vo, M§ = gMa
VoES A

where Sy is the subset of MSpec(A) consisting of all the primes sitting below primes in S.
Then Mg is an (E, S, Ok /Or)-taming module, for all t-modules E as above.

Proof. The fact that M, satisfies condition (2) in Definition [4.§|is an immediate consequence
of the O p[G]-module isomorphism M =~ M, given by multiplication by § and the observation
that M/EM is finite, supported only at primes in S.

Now, it is easy to see that for all x € (M¢)", all ¢ > 1, and all v € S, we have

T(2) € £ (EM)" C (vMe)".
Consequently, for all @ € A and all T € (M¢/vM¢)" , we have

dgla](7) = pp(a)(@).

This proves that for all v € S, the identity map gives an A[G]|-linear isomorphism
E(M/v) ~ Lieg(M/v),

which concludes the proof of the Lemma. O
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Definition 4.11. An Op[G|-submodule M of O is called (S, Ok /Op)—universally taming
if it is (£, S, Ok /Op)-taming, for all t—modules E as above.

Theorem 4.12 (imprimitive ETNF). Let E be an abelian t-module as above. Let S be a
finite subset of MSpec(Op), such that W C S. Let M be any (E, S, O /Or)-taming module.
Then, we have the following equality in (1 + t~'F,[[t7]][G]).

K/FS Vol(Lieg (K )/ Lieg(M))’
Proof. For S = W, this is a direct consequence of Theorem and Remark [£.9. For a

more general S, it is not difficult to see that the techniques in this paper can be used to
prove Theorem {.1|for (E, S, Ok /Or)-taming modules M. As a consequence, one obtains an
ETNF as in Theorem for the more general imprimitive L-values ©% /rs(0). We leave
this as an exercise to the interested reader. 0

4.4. L—values at positive integers. Now, assume that E is a Drinfeld module (i.e. n = 1)
of rank r; and let € be the Carlitz module given by

¢@ IFq[ﬂ —>OF{T}, ¢e<t>ItT0+T.
For m € Zsq, we consider the (1 4+ m - r)—dimensional, abelian t~module defined over Op:
E(m) = E® C®™,

(See §5.8 in [6] for the definition and properties of the tensor product of Drinfeld modules
in the category of t—modules.) Now, we refer the reader to the notations introduced at the
very beginning of Since the vy-adic realization functor H, (x) commutes with tensor
products (see Proposition 5.7 in [6]), we have an isomorphism of A, [G]-modules

H,,(E(m)) = H, (E) ®a,, H,,(€)*",

for all vy € MSpec(A) and all m as above. Since the Frobenius morphism &, acts via
multiplication by Nv=! on H,,(€), for all v € MSpec(Or) with v vy, we can easily conclude
from (|1.9) that, for all sets S containing Sy, and all m € Z>g, we have

(4.13) O Hs(0) = OF 1 g(m).

Consequently, Theorem implies the following equivariant Tamagawa number formula
for values of G—equivariant L—functions of Drinfeld modules at all positive integers m.

Theorem 4.14 (ETNF at positive integers). Let E be a Drinfeld module of structural mor-

phism ¢p : A — Op{1}. Let S be a finite set of primes in MSpec(Or), containing the primes

of bad reduction for E and the wildly ramified primes in O /Op. Let M be a (Og/OF,S)-

universally taming module. Then, we have the following equalities in (1 4+ t~'F,[[t~*]][G])
K/F.S VOl(LieE(m)(Koo)/ LieE(m) (M)) ’

for all m € Zxy.
Proof. Combine Theorem with equalities (4.13]). O

In the classical (number field) theory of G-equivariant Artin L-functions associated to an
abelian extension K/F of number fields of Galois group G, the L-value at s = 0 is linked
via the Refined Brumer—Stark Conjecture to Fitting ideals of class group Cl(Of), which
should be viewed as the torsion part of the Quillen K—group Ko(Of). At the same time,
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the G—equivariant L—values at negative integers s = (1 — m) are linked via the Refined
Coates—Sinnott Conjecture to Fitting ideals of the even Quillen K—groups Ko, (Of). The
reader may consult [7] for the precise statements and conditional proofs of these classical
conjectures in number theory.

The following is the Drinfeld module analogue of the Refined Coates—Sinnott Conjecture.

Theorem 4.15 (Refined Coates—Sinnott for Drinfeld modules). For data as in Theorem
let A" be a E(m)(Ku)/E(m)(M)-admissible A[G]|-lattice in Liegm)(Ks). Then
1
[Liegm) (M) : A']
for all m € Z>y.
Proof. Combine Theorem with the proofs of Theorem [£.5] and Corollary [4.6] O

In light of the number field facts briefly summarized above, the last Corollary suggests
that if we are to think of Taelman’s class module H(E/Of) as an analogue of a class group
for the data (F,Ox/Op), then it is natural to think of H(E(m)/Ok) is an analogue of a
higher Quillen K —group for the given data, for all m € Z~,. These analogies will be explored
further in an upcoming paper, where a development of an Iwasawa Theory for Taelman’s
class modules will be attempted.

. - O%ps(m) € Fitth H(E(m)/M) C Fittyo H(E(m)/Ok),
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