MELLIN TRANSFORM FORMULAS FOR DRINFELD MODULES

OGUZ GEZMIiS AND NATHAN GREEN

ABSTRACT. We introduce formulas for the logarithms of Drinfeld modules using a frame-
work recently developed by the second author. We write the logarithm function as the
evaluation under a motivic map of a product of rigid analytic trivializations of ¢-motives.
We then specialize our formulas to express special values of Goss L-functions as Drinfeld
periods multiplied by rigid analytic trivializations evaluated under this motivic map. We
view these formulas as characteristic-p analogues of integral representations of Hasse-Weil
type zeta functions. We also apply this machinery for Drinfeld modules tensored with the
tensor powers of the Carlitz module, which serves as the Tate twist of a Drinfeld module.

1. INTRODUCTION

1.1. Motivation. The main result of this paper gives a positive-characteristic function field
analogue of certain integral representations of Hasse-Weil type zeta functions. In order to
make a comparison with our new results, we remind the reader first some of the classical
theory. The starting point is one of the original proofs of the functional equation and
analytic continuation of the Riemann zeta function. The classical theta function, for t € C

with £(¢) > 0
O(t) = Z e~

neZ
satisfies the functional equation

(1.1) O(t) = t720(1/1).

We also recall the definition of the Mellin transform for a real-valued function f(z) with
suitable decay conditions at x = 0 and x =

(1.2) M(f)(s) = Ooofmx“dx,

for suitable s € C. If we take the Mellin transform of a normalized version of ©(¢) (and
account correctly for convergence, which is nontrivial), we get

(13) )= (2072 /o)

where £(s) = m7%/2T'(5/2)((s) is the completed zeta function. Further, if we take the Mellin
transform of (1.1) then we recover the functional equation for the Riemann zeta function,

£(s) = €(1—s).
These derivations also establish the analytic continuation of the Riemann zeta function. We
refer the reader to [27, §7.1] for details on such constructions.
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With this theory as our base point, there are several important directions we can generalize
these ideas. First, if we replace the classical theta function with theta series involving
characters, then the same theory gives the functional equation and analytic continuation of
Dirichlet L-functions with characters. A further generalization to higher dimensional theta
series then gives the same theory for Dedekind zeta functions. Again, all this theory is
detailed in [27, §7.2-7.5].

On the other hand, we can instead investigate Hasse-Weil zeta functions attached to
algebraic varieties (the previous case of Dedekind zeta functions can be seen as a special case
in this setting — that discussion is outside the scope of this introduction). In this setting,
at least for elliptic curves defined over the rational numbers, Wiles’s modularity theorem
[34] shows that such zeta functions are given as the Mellin transform of special meromorphic
functions, in this case modular forms. There are vast generalizations of this theory to motives
and profound conjectures that come with them, such as Beilinson’s conjectures (see [3]) and
various aspects of the Langlands program (see [20]).

Our results in this paper establish an analogy to those described above in the positive
characteristic function field setting. We prove that certain special values of L-functions can
be realized as an algebraic interpolation of a Mellin transform of certain special functions.
On the one hand, these L-values are certainly of Hasse-Weil type, because they have an
Euler product representation given by the characteristic polynomial of the Frobenius acting
on certain modules (see (1.6) and (1.7)). On the other hand, our formulas indicate that these
L-values can be represented as a Mellin-type transform, not of Drinfeld modular forms as
one might expect, but rather of rigid analytic trivializations of Drinfeld modules, which bear
several similarities to classical theta function. Thus the results we present here should be
viewed as a hybrid between the two generalizations given above: They express Hasse-Weil
type L-values in terms of a Mellin transform of an analogue of the classical theta function.
Whether there is a connection between the constructions in this paper and Drinfeld modular
forms is an open question. We provide a few comments on this question in Remark 3.11.

Before continuing we say a few words about the difficulty and significance of our results. In
the classical setting, one uses analytic ideas (cycle integration) to connect theta functions and
related objects directly to L-functions and zeta functions. Our setting occurs in characteristic
p, where it is cumbersome to work with characteristic-p valued measures and integration
(see Remark 1.3 for the comparison of our results with the already existing literature). Our
proofs here instead provide an algebraic alternative to this integration theory which takes a
round-about path to connect special values of L-functions with the analogue of the classical
theta function. Namely, we connect L-function values to logarithm values using the work

of Taelman [31] and the first author [I1]. Our new formulas in this paper then connect
values of the logarithm to rigid analytic trivializations of Anderson t-motives. Works of
Maurischat [26], Pellarin [29] and others then allow us to connect rigid analytic trivializations

to periods and Anderson generating functions, which (as we explain below) are an analogue
of theta functions. The main new technical advances in this paper include modifying a
crucial construction from the work of the second author [19] to a tensor product of motives
(this is our (2.15)), a very careful analysis of the convergence properties of (3.10) carried out
in §3.3, as well as a particular choice of t-motive bases (discussed in §2.3-2.4) to account for
the ©, , matrix in (2.14).

1.2. The Mellin transform of Drinfeld modules and L-functions. We now briefly
describe our main results, after which we will make some more precise comparisons to the
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classical theory. Let ¢ = p” be a prime power, and let A := F,[f] and K :=F,(6). Let K
be the completion of K at the infinite place with respect to the norm ||, normalized so that
|0] = ¢. This completion equals the formal Laurent series ring F,((1/6)) with coefficients in
F,. Let C» be a completion of an algebraic closure of K. Consider the non-commutative
polynomial ring C..[7] which is defined subject to the condition 7¢ = 7 for all ¢ € Cg.
We define a Drinfeld module ¢ of rank r to be an F -algebra homomorphism ¢ : A — C[7]
given by

(1.4) G =00) =0+kit+---+ k71", k. #0.

We also consider exp, and log, to be the exponential and logarithm functions associated to
¢ (see (2.2) for details). The function exp, has a kernel A4 which is a free A-module of rank
r, called the period lattice of ¢. Let us denote a set of generating periods as Ay, ..., .. The
comparison is often made between a Drinfeld module ¢ and an elliptic curve E defined over
C. The periods Ay, ..., A, should then be compared with the Weierstrass periods of £ and
the exponential function exp, should be compared to the Weierstrass-p function.

We now briefly define Anderson generating functions which are intimately connected with
periods. For a given period \;, define

fi = Zexp¢ <W> t e Cm[[t“,
=0

where t is a commuting variable (in fact, f; is in a Tate algebra, see §2.2). We then define

the matrix
f1( ). fr( )
T = . . )
fl(T—l) N A

where -(®) is the k-fold application of a Frobenius twisting automorphism (again, see §2.2).
The matrix T is constructed to be a rigid analytic trivialization for the Drinfeld module
¢. Namely, there is a naturally defined matrix © € Mat,,(C,) coming from the {-motive
associate to ¢ such that we have the functional equation

oY =710,
Let V' € Mat,«,(C) be a matrix of constants defined in (2.9) and let
(1.5) U=V H(rW)n -t

We explain all this theory more extensively in §2.3.

The final ingredient to state our first main theorem comes from a recent paper of the
second author [19]. There, the second author develops a new map 5{”}2 for a parameter
z € C from M, the t-motive associated to ¢, to C, which recovers the structure of the
Drinfeld module ¢ (see (2.13) for a precise definition). This map 4,7, should be viewed as
an algebraic interpolation of cycle integration; in [19, Cor 5.10] the second author proves an
algebraic analogue of the Mellin transform formula which relates the exponential function
with the Carlitz zeta values 4(n) given by

1
Caln) = > — € Ke.
acA
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Our first main theorem relates the logarithm function of a Drinfeld module of rank r to this
motivic map 5% evaluated at a product of rigid analytic trivializations.

Theorem 1.1. Let ¢ be a Drinfeld module given by
po=0+ki7+ -+ k7"

so that |k;| <1 foreach 1 <i<r—1andk, € IFqX. Let z € C, be an element in the domain
of convergence of log,, and let ¢y, be the k-th standard basis vector. Then, we have

log,(z) = 5{\47;’ (ﬁe?V“Tftze(\If“)(_lv .

To describe our next result, in what follows, we briefly describe Goss L-functions attached
to ¢ introduced by Goss [10], inspired by the ideas of Gekeler [10, Rem. 5.10]. For a
given monic irreducible polynomial w € A, we set K, to be the completion of K at the place
corresponding to w. We let (p,,) be a family of continuous representations of the Galois group
of K*" /K which is strictly compatible in the usual sense, meaning that the characteristic
polynomial

P,(X) :=det(1 — X - p,(Frob,))

of the Frobenius at a place v # w of K acting on the w-adic Tate module of ¢ is independent
of the choice of prime w and has coefficients in A (along with a ramification condition - see
[18, §8.10] for full details). We further let P,(X) = (1—a1X) - (1—a,X) for some a4, ..., a,
lying in a fixed algebraic closure of K and set

P/(X)=(1-a'X)---(1—-a'X).
We then define the L-function of ¢ to be

(1.6) L(¢,n) = HPv(v_")_l,
and the dual L-function of ¢ by
(1.7) L@ n) =[] P/,

where the product runs over all the finite places of A. In this definition, by [7, Cor. 3.6],
we know that L(¢,n) converges in K, for all n € Z>; and L(¢Y,n) converges in K, for
all n € Z>( (there is a way to extend the domain of such L-functions to an analogue of the
upper half plane — since we do not use that here, we refer the reader to [18, §8.1]). We
also note that when ¢ is the Carlitz module given by Cy := 0 + 7, we have, for any positive
integer n, L(CY,n—1) = (a(n). We refer the reader to [18] and [I 1] for full details on these
constructions.

If we set z = 1 in the previous theorem and choose a Drinfeld module ¢ as in Theorem
1.1 so that k; € F, for each 1 <7 <1 — 1, then the logarithm value becomes a special value
of the (dual) Goss L-function of ¢. As a corollary to Theorem 1.1, we get the following.

Corollary 1.2. Let ¢ be a Drinfeld module as in Theorem 1.1 so that each k; € F, and let
T = (A1,...,Ar) be a vector of fundamental periods of ¢. Then we have

L(¢v,0) — (537/[; (ﬁﬁ(qjtr)(l)) .
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Remark 1.3. It is appropriate to make a brief comparison between our formulas and the
results in [15] and [17] on the Mellin transform in the function field setting. Let A, be
the completion of A at v. Inspired by the construction of formal p-adic Mellin transform,
in [15, §3], Goss developed the theory of A,-valued measures on A, and defined the Mellin
transform of the Carlitz zeta value (4(n) to be an element in the divided power series ring (see
[141, §5] for the details on divided power series). Although its coefficients are arithmetically
interesting and related to the Carlitz zeta values (see [33, Thm. VII]), there is no immediate
relation to (4(n) as in Corollary 1.2. Hence our construction seems to be better-suited in
this direction. Later on, using the seminal work of Teitelbaum [32] relating v-adic measures
to Drinfeld cusp forms, Goss [17, §4] defined the Mellin transform of a Drinfeld cusp form
f as a continuous function L; on Z, whose values are attained in a finite extension K.
However, several aspects of the theory is still missing such as the link between f and the
functional equation of L; as well as the appearance of Ly as a Dirichlet series summed over
the monic polynomials in A, which could be more parallel to the classical setting. It would be
interesting to relate our construction in the present paper to the setting of Drinfeld modular
forms to have a better understanding of the Mellin transformation (see Remark 3.11 for the
discussion on a potential link to Drinfeld modular forms).

1.3. Comparison with the classical theta functions. Having stated our first two main
theorems, we now make some precise comparisons between our setting and the classical
theory discussed above. Fixing a (¢ — 1)-st root of —0, we define the Carlitz fundamental
period by

> N -1
7= 0(-0)Y ] (1 - elfq’) e CL.
j=1
In the case of the Carlitz module C', our main results discussed above reduce to a formula
from [19, Cor. 5.10]

(1.8) L(CY,0) = ¢a(1) = 61%(—7),

where Q :=1/ w(cl ) is defined in (2.6). In this context, the function € should be viewed as an
analogue of the theta function ©(z) for two reasons:

(1) Taking the function field Mellin transform of 2 produces zeta values similar to formula
(1.3).
(2) Tt satisfies a similar functional equation to the classical theta function. Namely,
(1.9) t-Q=0C(0),
where Cj is the adjoint Carlitz operator C(z) := 0z + z'/9 (compare with (1.1)).
Remark 1.4. We note here that taking the Mellin transform of (1.1) (after some adjustments
for convergence) gives the functional equation for the completed Riemann zeta function
£(s) = &(1 — s). It is therefore natural to ask about what happens when we combine

the functional equation (1.9) with our function field Mellin transform (1.8). We have the
transformation

5%(75%9) = 5{\,/[09(@ (7Q) = 5%2(%9) + 5&(1)(%9) = log(0) + Ca(1)
(recall that for this application we set z = 1). On the other hand we also find that
SL(FQ) = 6L (FC;(Q)) = 6L(FQ) + 76,L (2T ) = 0¢a(1),
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since one can show fairly quickly that Q() is in the kernel of 5{‘{2 and since 5{‘742
After recalling Carlitz’s formula that log.(1) = (4(1), we arrive at

logo(Cy(1)) = Ologq (1),

so we have recovered the functional equation for the Carlitz logarithm. We suspect that a
similar phenomenon happens in the case of Drinfeld modules and more general t-modules.
In fact, it seems possible that one could reverse the direction of these calculations to prove
our logarithm formulas in §3 in an alternate way. However, there are many details to work
out so we leave this as a question to be answered in future work.

is Co.-linear.

In the case of Drinfeld modules of rank r discussed in the present paper, the matrix ¥
from Corollary 1.2 is a higher-rank generalization of €2 discussed above and should be viewed
as a higher dimensional theta function. Indeed, it satisfies the functional equation

(1.10) PV = wb,

where ® € Mat, ., (K[t]) is defined in (2.5). Analyzing this functional equation shows that
if we denote the top row of ¥ as (g1, ..., g,), then each g; satisfies

(1.11) t-gi = ¢p(3i),

where ¢* is the adjoint of the Drinfeld module ¢ given by ¢p := 0 + k%/qT*I o kT
(see [18, §4.14] for more details). Our Corollary 1.2 then says that taking the function field
Mellin transform of a vector of periods multiplied by this analogue of a theta function gives
a Hasse-Weil type zeta value.

1.4. Tate twists of Drinfeld modules. We also give a version of our main theorems for
Drinfeld modules tensored with the positive powers of the Carlitz module. This is akin
to taking the Tate twist of a motive, and shifts the value of the corresponding L-function
allowing us to get formulas for values n larger than 1. Our result provides an interesting link
between certain coordinates of the logarithms of Tate twists of Drinfeld modules and their
periods as well as quasi-periods.

In this setting, let ¢ be a Drinfeld module of rank r given as in (1.4) without any restriction
on the coefficients kq,..., k., € C. Forany 1 </ <r —1, we set .. : C,, — C, to be the
unique entire function satisfying

Fo(02) — 0F.(2) = expy(2)"

for all z € C,. Furthermore, for any 1 < i < rk + 1, we let p; : C**! — C, be the
projection onto the i-th coordinate.

Theorem 1.5. Let p = ¢@C%* and let z € C'FF1 be an element in the domain of convergence
of Log, and Ay, ..., A, be fundamental periods of ¢. Then

prkJrlf(jfl)(Lng(Z)) =
oMo (2 ()\1,...,/\T)(\I/tr)(—1)> ifj=1

172 DJC (gft)

5% (e (Fron )y P O)(E)D) 2 <5<
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In our last result, we analyze the special values of Goss L-functions of Drinfeld modules
defined over F,. Let ¢ be a Drinfeld module of rank 2 given as in (1.4) such that ky, ks € F,,.

Let us also consider the Drinfeld module ¢ given by
G =0 — kiky 't + ky 77

There exists a particular relation between certain coordinates of logarithms of Anderson ¢-
module p := ¢ @ C®* and L(¢, k+1) (see Corollary 4.5 for more details). Using this relation
allows us to obtain the following corollary, restated as Corollary 4.5 later, of Theorem 1.5.

Corollary 1.6. For k > 1, let z; € Mat(ogy1)x1(Fq) be the i-th unit vector. We have

L(¢.k+1) =

510 (i (Fr), Fr(02)) (9E) 1) 5M (wgg ( <A1>F<A2>><\Ifq;><—l>)
0 (s (A =) (D) 6l (g (- =) (B D)

where U 5 is the matriz defined as in (1.5) with respect to b and F : Coy — Co is the unique
entire function satisfying

det

F.(02) — 0F.(2) = expg(2)?
for all z € C,

1.5. Outline of the paper. In §2, we introduce Anderson t-modules, Anderson ¢t-motives,
dual t-motives and the formulas obtained by the second author in [19] for the logarithms of
Anderson t-modules. In §3, after discussing the tensor construction for Drinfeld modules by
using our results in §3.2, we provide a proof for Theorem 1.1 as well as Corollary 1.2 which
will be restated as Theorem 3.9 and Corollary 3.10 respectively. Finally, in §4, we discuss
the structure of a certain motivic map (see §4.2) and then, using our ideas established in
§3.2, we prove Theorem 1.5 (restated as Theorem 4.4 later).

Acknowledgments. The authors would like to express their gratitude to Gebhard Bockle,
Matt Papanikolas, Federico Pellarin and Wei-Lun Tsai for fruitful discussions and useful
suggestions. The second author expresses grateful support for funding from the state of
Louisiana Board of Regents and from the NSF. This material is based upon work supported
by the National Science Foundation under Grant No. (2302399). The first author acknowl-
edges support by Deutsche Forschungsgemeinschaft (DFG) through CRC-TR 326 ‘Geometry
and Arithmetic of Uniformized Structures’, project number 444845124.

2. PRELIMINARIES AND BACKGROUND

Our goal in this section is to review the notion of Anderson t-modules, Anderson t-motives
and dual -motives as well as a formula for the logarithms of Anderson t-modules derived in
[19]. The main references for our exposition are [1], [3], [L9] and [21, §2.3-2.5].

2.1. Anderson t-modules. For any matrix M = (m,,) € Matg, «4,(Co) and i € Z, we
define the i-th twist of M by M) = (m?,). Furthermore, we let

Ma‘tledQ(COO)[[T]] = {Z mi'ri | M, € Matdlde((Coo)}

i>0
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and when d = d; = dy, we define the non-commutative power series ring Maty(Cyo)[[7]]
subject to the condition

™ = M7,
We also let Mat,(Cy)[7] be the subring of Mat,(Cy,)[[7]] consisting of polynomials in 7.

Definition 2.1. (i) An Anderson t-module G of dimension d > 1 is a tuple (Gd/(c ,0)
consisting of the d-dimensional additive algebraic group G¢ /Cou defined over C,, and
an F,-algebra homomorphism ¢ : A — Mat,(Cy)[7] given by

(2.1) Gp = d0] + AyT 4 -+ At

so that ¢ € Z>; and d[f] := 6 1d, +91 for some nilpotent matrix 1.
(ii) The morphisms between Anderson t-modules G; = (GZ}COO, ¢) and Gy = (GZ?CM, )

are defined to be the morphisms g : GZ}COO — GZ?CM of algebraic groups satisfying
9de = Pag-

We define G(Cy) := Matg«1(Cy ) equipped with the A-module structure given by
0z = ¢y(2) :=d[f]z + Ay 2+ 4 A2?, z € Matx1(Cxo).

We also consider Lie(G)(Cy) := Matgx1(Cy) which is equipped with the A-module action
defined by

0-z:=d[0]z.

It is known, due to Anderson [I, §2], that there exists a unique infinite series Exp, :=
Zizo Qi7" € Maty(Cy)[[7]] satisfying Qo = Idg and

Expg, d[f] = ¢g Expg -
Moreover, it induces an entire function Exp : Lie(G)(C) — G(Cx) given by

(2.2) Expe(z Z Qiz"

We let Logg := Y, Pi7" € Maty(Cy)|[[7]] be the formal inverse of Expg € Mata(Coo)[[7]]-
On a certain subset D of G(C4), Log. induces a vector valued function Log, : D —
Lie(G)(Cx) defined by

Logg(z Z Pzl

For further details on the exponential and the logarithm function, we refer the reader to |
§2.5.1].
In what follows, we provide some examples of Anderson t-modules.

’

Example 2.2. (i) Any Drinfeld module ¢ is an Anderson ¢-module (Gg/c., ) of di-
mension one.

(ii) Let C': A — C[7] be the Carlitz module and k € Z>;. We consider the k-th tensor

power of the Carlitz module C®* := (G’;/C ,1) where ¢ : A — Maty(Cy)[7] is given
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by (see [2])
0 1 0 . 0
Vg 1= R + : T.
ol 0 ;
0 1 0 ... 0

(iii) Let ¢ be a Drinfeld module of rank r given as in (1.4). We define the tensor product
¢ and the k-th tensor power of the Carlitz module as ¢ @ C®F = (Gg%olo, p) where

J A— MatrkH ((Coo)[T]

is given by rk4+1—r
——
9 --- 0 1 0 --- 0 O cov cer e e e 0
0 0
" -0 1 0 0
Po ‘= o0 .- 0 11|+t T.
6 0
: 1 " :
0 ky ++ o k. 0 - 0

For more details on the tensor product of Drinfeld modules of arbitrary rank with the
tensor powers of the Carlitz module, we refer the reader to [11, 12, 20, 22, 23].

Consider A := Ker(Expy) C Lie(G)(Cy). By the work of Anderson [I, Lem. 2.4.1],
we know that, under a certain condition on G, Ag forms a finitely generated and discrete
A-module. We call any non-zero element of Ag a period of G. Indeed, by [I, Thm.4], when
G is the Anderson t-module either in Example 2.2(i) or in 2.2(iii), Ag is free of rank r as an
A-module. Moreover, if G is the k-th tensor power of the Carlitz module, then Ag is free of
rank one.

2.2. Anderson generating functions. For any c € C%, we define the Tate algebra

T, := {g:ZaitiECo@[[tH | Jea;] =0 asi—)oo}.

i>0
It is equipped with the multiplicative norm ||-||. given by
lglle := max{|c||a;| | i>0}.

To ease the notation, we denote Ty by T and ||-||; by ||-||-

Let ¢ be a Drinfeld module of rank r given as in (1.4). In what follows, we define a
certain element in T which will be later useful to describe a particular property of Anderson
t-motives of Drinfeld modules. For any z € C, the Anderson generating function s4(z;t) is

given by
00 5 A
se(z;t) == z:equ5 <9i+1> t'eT.

=0
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Let ¢ be a variable over Co. For any f = Y. jait’ € Cuo[[t] and j € Z, we set fU) :=

> >0 agj t" € Cool[t]]. We now state a fundamental property of Anderson generating functions
due to Pellarin.

Proposition 2.3 (Pellarin,[28, §4.2]). Let A € Ker(exp,). Then

(t — 0)ss(N;t) = krsgN ) 4+ s (N ).
2.3. Anderson t-motives. We define the non-commutative ring Cy[t, 7] := C[t][7] with
respect to the condition 7f = f7 where f = > iz ait’ € Coot].

Definition 2.4. (i) An Anderson t-motive M is a left C[t, 7]-module which is free and
finitely generated over C[t] and Cy[7] (possibly of different ranks) such that there
exists a non-negative integer u satisfying

(t—0)"M C 7M.
(ii) Morphisms of Anderson t-motives are given by morphisms of left Co.[t, 7]-modules.

(iii) Let M; and M, be two Anderson t-modules. The tensor product of My and My is
the Anderson t-motive M; ®c_ ;) M2 where 7 acts diagonally.

Let m € Matg, 1 (M) be a Cy[t]-basis for M and Q € GL,(T) be such that
7-m = 9Qm.
We call M rigid analytically trivial if there exists T € GL,(T) such that
T = QY.

We also call T a rigid analytic trivialization of M.

Due to Anderson [I, Thm. 1], there exists an anti-equivalence of categories of Anderson
t-modules and Anderson t-motives. We briefly describe this functor now. Given an Anderson
t-module G = (Gg Cos ¢), there exists a unique Anderson t-motive Mg given by the group of

morphisms G¢ /Cow Gy/c,. of Cy-algebraic groups. This group of morphisms is naturally
a Cyo[T]-module and is isomorphic to Mat;yq(Cy[7]) as Coo[7]-modules. It is equipped with
a Coo[t, 7]-module structure given by

ct"-m:=como ¢y, mée Mg.

In what follows, we describe the Anderson t-motives corresponding to the Anderson t-
modules given in Example 2.2.

2.3.1. Anderson t-motive of Drinfeld modules. Let ¢ be the Drinfeld module of rank r given
as in (1.4). We define My := C[7] and equip it with the C[t]-module structure given by

ct" - ar? == car’! ¢y, a,ce€ Cg.

One can see that M, forms a left C[t, 7]-module, satistying (¢t — )M, C 7M,, which is free
and finitely generated over C.[t] and C[7]. We define the matrix

1

0 = € GL,(T).

T
5=
ko
=

_ kr—l
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We choose m = [my, ..., m,]" € Mat,;(My) to be a Ct]-basis for M, so that
T-m = Om.

Observe that {m;} forms a C,[7]-basis for M,.
Let {A1,..., A} be an A-basis for the period lattice A,. For any i € {1,...,r}, we define
the Anderson generating function f; := s4(\;;t). Consider the matrix

fl - - fr
()
(2.3) T := . , € Mat, . (T).
-1 . D)
1 T

By [28, §4.2], we know that T € GL,(T) and moreover it satisfies
T = .
Hence M, is rigid analytically trivial.
For later use, we also consider another C.[t]-basis
¢® = [c‘f, el = [k§_1)m1+k:§_l)m2+- R ké_Q)m1+k§_2)m2+- ok Pm,
kT my B mg kT ma )t € Mty (My)

and note that

(2.4) 7o¢? ="’
where
1
(2.5) P = € GL,.(T).
1
oK Ko
F _F o« o e « s e _W

2.3.2. Anderson t-motive of the tensor powers of the Carlitz module. Let k € Z>,. We
consider the left C[t, 7]-module

Mesr == Mc ®c. - ®cul] Mo = Coo[T] ®cepy -+ Dol CoolT]

so that 7 acts diagonally. Let m; be a basis for My as a Cy[t]-module. Then m :=
my ® ---®my is a Cy[t]-basis for Meer so that

™m = (t — 0)"m.

Moreover, the set {m, (t —0)m, ..., (t —0)*"'m} forms a C,[7]-basis for Mcer and hence it
is of dimension k over C[7]. In particular, Mcer = Mat;xx(Co)[7] as Coo[7]-modules.
We now fix a (¢ — 1)-st root of —0 and define the Anderson-Thakur element we by

oo —1
(2.6) we = (=) V] (1 — 0%) eT.
j=0

One can observe that (wf)® = (t — §)*wk and hence Mcex is rigid analytically trivial.
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2.3.3. Anderson t-motive of the tensor product of Drinfeld modules with the tensor powers
of the Carlitz module. We consider the left C[t, 7]-module

Mygoer == My ®c..[) ®cagMeer = Coo[T] ®cfy * *  Ocufy) CoolT]

so that 7 acts diagonally. Observe that (t — 0)*™ Mg cer C TMygoer. Moreover, Mygcen is
free and finitely generated over C[t] and C[7]. We consider a Co[t]-basis m for Mg cer

given by m := [my,...,m,|" := [m; ® m,...,m, ® m|", where m; are the basis elements

from §2.3.1 and m is from §2.3.2. Note that
7-m=(t—0)"Om.

Let T := whY € GL,(T). Then it is easy to see that T = (t — )*OT and hence Mpper
is rigid analytically trivial.
We further define another C[t]-basis

ci=[cr,.....|" =[P @m,... ¢ m]"
Moreover, we note that
(2.7) Toc=(t— )kt
Lastly, we define a C,[7]-basis
™= [my,my,...,m,, (t—0)my, (t—O)my, ..., (t—Om,, ...,
(t—0)" my, (t — ) my, ..., (t— 0 m,, (t — 0)Fmy]".

g:= [917~--»9rk+1

One now sees that
l-8=pog

where pyg is given as in Example 2.2(iii).

2.4. Dual t-motives. We define C[t, 0] := Cy[t][o] to be the ring of polynomials of o
with coefficients in C.[t] subject to the condition

of = f Vo, feCult].

We further define the x-operation on elements in C.,[7] by

g = Zcz(»*i)ai, g= chi.

i>0 i>0

*

uv) ) for any

We extend this operation to elements in Maty(Cy)[7] by defining 0" := ((m
M = (m,,,) € Maty(C)[7].

Definition 2.5. (i) A dual t-motive N is a left Co.[t, o]-module which is free and finitely
generated over C[t] and C[o] such that there exists ¢ € Zs, satisfying

(t—0)'N C oN.

(ii) The morphisms of dual t-motives are given by left C[t, 0]-module homomorphisms.
(iii) The tensor product of dual t-motives Ny and N is defined to be the left C.[t, o]-
module Ny @ Ny := N; ®c. ;) N2 where o acts diagonally.



MELLIN TRANSFORM FORMULAS FOR DRINFELD MODULES 13

Let n € Mat, 1 (N) be a C[t]-basis for N and 3 € GL,(T) be such that
o-n=3n.
We say that M is rigid analytically trivial if there exists ¥ € GL,(T) such that
v = 39,

We further call ¥ a rigid analytic trivialization of N.

In an unpublished work of Anderson (see also [21, §2.5]), he showed the equivalence be-
tween the category of Anderson t-modules and the category of dual t-motives. Similar to the
case of Anderson t-motives, this result yields that for any Anderson t-module G = (G¢ /o ?),

there exists a unique Anderson t-motive Ng := Mat.4(Cy|o]) equipped with a Cy[t, 7]-
module structure given by

ct' - n = cngh, n € Ng.

In what follows, we describe the dual t-motives corresponding to Anderson t-modules given
in Example 2.2.

2.4.1. Dual t-motive of Drinfeld modules. Let ¢ be a Drinfeld module given as in (1.4). We
define Ny to be the C[o]-module Cy[o] equipped with the Cuo[t]-module action given by

ct' - a0’ 1= cao’ gy, a,c e Cy.

It is free and finitely generated over Co[t] and C[o] satistying (t —60)N, C o N,. We choose
a Coo[t]-basis 0% := [0, ...,09]" € Mat,,1(Ny) for N, satisfying

(2.8) o-0% = do?.

Moreover, {99} forms a C..[o]-basis for Nj.
Following the notation in [/, §3.3], set

by KSYORSD N

(2.9) Vi=| o e € GL,(C.)

and consider the matrix ¥ := V~1((YM)")~1 ¢ GL,(T). Then, by Proposition 2.3, we
obtain (YM)f = 7O, Moreover, one has

(2.10) VEle = ey,
Thus, we have W(-Y = & and hence Ny is rigid analytically trivial.
2.4.2. Dual t-motive of the tensor powers of the Carlitz module. Set
Neokr := No ®cy )+ Ocool) No = Coo[0] ®cooft) -+ @iy Coolo]

and equip it with the diagonal o-action. Thus Nger is a left Cy[t, o]-module. One can
choose C[t]-basis n :=0{ @ - - 9{ for Nper so that

on = (t—0)n.
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On the other hand, the set {n, (t — 0)n,..., (t — 0)k~In} forms a C[o]-basis for Noer and

hence Nper = Matyx(Cy)[o]. Consider the element  := (w(cl))_l. It can be easily seen
that (Q%)~1) = (¢ — 6)*Q and thus implies the rigid analytic triviality of Ngex.

2.4.3. Dual t-motive of the tensor product of Drinfeld modules with the tensor powers of the
Carlitz module. We set

Nygcer := Ny Qc.. 1] Rcoof]Noek = Coolo] ®c., 1] cef) Coo [o]

and equip it with the diagonal o-action. It can be seen that Nygcer forms a left C[t, ol-
module and it is also a free and finitely generated over C.[t] and C[o]. Moreover,

We consider the Cu[t]-basis for Nygcer given by d := [01,...,0,] := 0y ®@n,..., 0 @ n]*"
for Nygcer. Note that

(2.11) o-0=(t—0)" 0.
To see that Nygcer is rigid analytically trivial, we define the matrix ¥ = Q" € GL,(T)

and observe that T = (t — 0)F DU,
We set b, := 1 and for each i € {1,...,r — 1}, we let

b == kfj)ag + kf;?@? +t kﬁf(rii))of—z‘ﬂ-
Moreover, we consider the C,[o]-basis for Nygcer defined by
ho={he,... hopat = [t =", @0, (t—0)*"h@n,...

) _9)’671674@”’

(t
6T®na61®n7”'767‘®n]tr

and observe that

t b= pyh.
2.5. Logarithms of Anderson t-modules. In this section we review the background and
some of the main theorems of [19] which gives a factorization theorem for the logarithm

function of a t-module. We state our first lemma which describes a particular choice of bases
for Anderson t-motives and dual ¢-motives.

Lemma 2.6. [19, Lem. 2.10] Let G be an Anderson t-module and Mg (Ng resp.) be the
corresponding Anderson t-motive (dual t-motive resp.).

(i) There exists a Cy[t]-basis {c1,...,c.} ({di,...,d,} resp.) for Mg (Ng resp.) such

that
Tler, .. e = Qler, .. 0]
and
oldy,...,d. )" =Q"[dy, ... d|"

for some Q € GL,(T).
(ii) There exists a Coo[T]-basis G := [g1, . .., ga|™ for Ng and a C[o]-basis H := [hy, ..., hg™

for Ng such that

t-5=29
and
t-H=0"H
for some U € Mat,..(Coo)[7].
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Let N = Mat,(Cy[t]) be a dual t-motive for some r € Z>; and let h = {hy,..., hq} be
a Cyo[o]-basis. Any n € N can be written as

d m;
n = Z (Z OKZ'J'O']‘) hl
i=1 \j=0
for some «; ; € Co, and m; € Z>q. Then we define the map &) : N — CZ, by
Q1
5 (n) =
Qo,d

Now let {dy,...,d,} be a Cy[t]-basis for N as in Lemma 2.6(i). We consider

N :=@]_C(t)d; = Matx,(Coo(t))
and for any 71 € N, write i1 = Zle a;d; for some a; € C(t). We define
1)

3]
(2.12) o l(n) = (QHW
Gy
Moreover, we consider Ny := N ®c_ g To. By [19, Prop. 2.8], there exists an extension of

6y'-map to &) : Ny — CZL.

Remark 2.7. If n € N, then one can write n = ) ._ja;¢; for some a; € Cy[t]. Since
det(Q) = (t — #)%a for some £ € Z>, and a € CX, o~ *(n) € N has only a pole at t = 9.
Thus, one can evaluate 0=7(n) at &) for any integer j. We refer the reader to [19, Prop.
2.18] for details on this extensions of &}

We define another crucial map for our purposes. Let M = Mat;,4(Cw)[7] be an Anderson
t-motive and fix z = (21, ...,24)" € CL. We define 5% : M — C,, by

(2.13) (5{”72(711) =mz:=m(z1) + - +mg(zq), m=][mi,...,myg] € Maty.4(Cs)[7],

where we view 7 as acting as the g-power Frobenius. We further define M, to be the set
of elements (ai,...,aq)z where, for each i € {1,...,d}, a; = > 7 a, ;77 € Cy[[7]] satisfies
(a1, ... aq,m™)2z — 0 as p — oo. Then we extend the map 47, to M, by defining
0%« M, — CZ
615(m) = lim 6y ,([a}, ..., a}])
=00

where m = [Z;O:O a1 77, 3 g agym | and af = Y78 Ja; 77, Again, we refer the reader
to [19, Def. 2.19] for full details on this extension.

Example 2.8. Since the map 5{”’2 is central to the main formulas of our paper, we give

a short example showing how one computes the image of this map, at least in the case of
Carlitz (compare this calculation with the framework in [13, §6.5]). Using [19, (5.4)], for
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z € C, inside the radius of convergence of the Carlitz logarithm, in (M¢),, we may write

—m:1+ﬁ<t—e)+(9_9(1)19_9(12)(75—@)@—961)+
1 2
_1+ZT(1)+ET (1) +...,

where 1/¢; is the ith coefficient of the Carlitz logarithm (one can also compute this expansion
of Q2 directly using induction without relying on the machinery of [19]). We then have

1
015 (— T =24+ —20+—20 + ...

which is consistent with [19, Cor. 5.7].

Let G = (GZ/COO, ®) be an Anderson t-module given as in (2.1). For each j € {0,...,¢—1},
we set

(214‘) @qgﬂ—é—j = Ag:-jl)T + .+ AE_J) l—

The following was one of the main theorems of [19] and gives an interpretation of the loga-
rithm function of an Anderson t-module in terms of a limit of evaluations of the motivic maps
07 given above. After substituting definitions, this formula becomes an infinite product of
matrices (or a finite sum of such terms), hence we call it a factorization of the logarithm.

Theorem 2.9. [19, Cor. 5.7(2)] Let z be an element in the domain of convergence of Logg
and let Mg (Ng resp.) be the Anderson t-motive (dual t-motive resp.) corresponding to G.
Let G and H be the Cy[7]-basis (Cylo]-basis resp.) of Anderson t-motive (dual t-motive
resp.) as in Lemma 2.6(ii) and let ¢; € Matgyi(F,) be the i-th unit vector. Then

d -1
Log,(z) = lim 6} Y ((tld —d[f ZZéNG "(hy))T (Str@wz V%)).

n—00
p=1 v=0

2.6. Tensor construction. Let G = (G¢ Jc..» @) be an Anderson t-module given as in Defi-
nition 2.1. In this subsection, we detail a modified construction of the pairing G(z,y) found
in [19] which was used in the proof of Theorem 2.9, which will allow us to more easily analyze

the convergence of the quantities described in §3. Recall the bases § and H given in Lemma
2.6(ii). For x € C[t, o] and y € C[t, 7], define

(2.15) G2 (z,y) ZZU ) @c.. 7' (Y(gr))) € Ne @ M.
=0 k=1

We note that if we apply the map §) to the first coordinate of each simple tensor in (2.15),
then the resulting sum is in C4, ® M = M? and we recover G, (z,y) of [19, Def. 5.1]. In
fact, since 6} is C-linear, this is equivalent to applying §) ® 1 to the whole sum (2.15).

The pairing G (z,y) has many similar properties to G, (z,y) (detailed in [19, Prop. 5.4]).
We briefly discuss the properties of G®(x,y) here. For convenience we recall Definition [19,
5.3]:

Definition 2.10. For each j € {0,...,¢ — 1}, we define
Opot-i = Ajam 4 + At
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where the A; are the coefficients of the t-module as in Definition 2.1

Proposition 2.11. Let v € Cy[t, 0] and y € C[t, 7].
(1) For any c € Co, we have

Gy ez, y) = Gy (=, cy).
(2) We have

Gy (x,7y) = Gl (o,y) ZU (whi) ® 7" (yge) — o (xhi) @ ygr,

and more generally for m <n and ceCy

d m—1
G2 (z, ct™y) — G2 (™o, y) = Z o' (zhy) @ T (T ygr)
k=1 (=0
— M (why) @ T (yg).
(8) We have
d r—1
Gg(l,t) G® t 1 ZZO’E " hk ®T (@qs,r?"*egk) — @;UT_ghk ®T€gk.
k=1 (=0

Proof. Part (1) is a straightforward calculation. The first part of (2) follows because the
two terms being subtracted create a telescoping series, which leaves the highest and lowest
degree (in 7) terms after cancellation. The second part follows by using part (1), recalling
that ar = 7a{"Y, and then repeatedly applying the first part of (2). Part (3) follows by
recalling from §2.3.1 and §2.4.1 that ¢ acts as ¢g on Mg and as ¢ on Ng, then by applying
parts (1) and (2) to the individual terms of ¢y and ¢}. O

In what follows, we also obtain a factorization of G¥(1,1) similarly to [19, Thm. 5.4(3)].
Let us denote

G®:=G2(1,1).
Proposition 2.12. We have the following factorization of G2 :

d r—1
(1®t) — =3 0" ) @ 7" (e Oy G) — e O], o H @ T g
k=1 (=0
Proof. This proposition follows from Proposition 2.11(3) after noting that G®(1,¢) = (1 ®
t)G2(1,1), and that G2(¢,1) = (t ® 1)G2(1,1). O

3. LOGARITHMS OF DRINFELD MODULES

Our goal in this section is to interpret the logarithms of Drinfeld modules in terms of
formulas investigated in [19]. First, we introduce the notion of fundamental periods. Let
¢ be a Drinfeld module as in (1.4). For any positive integer n, consider the set ¢[0"] of
0™ -torsion points which consists of elements z € C,, such that ¢gn(z) = 0. By [24, Thm.
4.4], there exists a positive integer n,, depending on ¢, and elements &, ..., &, € ¢[0™¢] such
that \; := 0"¢log,(§), which we call a a fundamental period of ¢ for each 1 <i < r, forms
an A-basis for the period lattice Ay.
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Throughout this section, we fix a Drinfeld module ¢ given by
(3.1) $9=0+kT+ -+ kT

so that [k;| <1 for each 1 <4 <r —1and k. € F. It this case, by [24, Prop. 3.1], we have
Ng = 1.
Let us further fix a basis {1, ..., &} for the F -vector space ¢[0] ([18, §4.5]).

3.1. The product formula for Y. Consider

& &L &
g & .. ¢
(3.2) B = : : . E Ma;tTXT(COO).
&g gf 1
Since &1, . .., &, are F -linearly independent and B is a Moore matrix, the inverse of B exists.

Further, we define certain quantities B,,(t) € K(t) from [0, (6.4)] and refer the reader to [0,

§5,6] for full details. Let
ke
- Y I Il —

S€EP,(n) i=1 jES;

where the sum is over so-called shadowed partitions (see [0, §5]). We comment that, by [5,
(6.5)], if we set logy := > - B.7", then we have B,,(0) = 3,.

Observe, by the Newton polygon method, that each non-zero element in ¢[0] has norm
g"/ =Y Let {\,..., A} be a set of fundamental periods, forming an A-basis for Ker(exp,),
and hence we define accordingly T € GL,(T) given in (2.3). We also set F' := B~'@~1BM
GL,(T) and I1,, := B[, F™ € GL,(T).

Khaochim and Papanikolas obtained a product formula for T as well as a certain expression
for the entries of II,, in terms of B,, which will later be essential for us to prove our main
results.

Theorem 3.1 (Khaochim and Papanikolas, [24, Prop. 4.3, Thm. 4.4|). The following
identities hold.
(i)

(I)i; = Z Ol

p=0

In particular, lim,,_,(I1,,) 5]1)

(i)

exists with respect to the norm ||-|l¢ on Ty.

Y = lim II, _BHF("

n—00
n=0

Recall the matrices ©, ® and V from §2. For each n > 1, let us set
Py = (@)D (@) 7)) € GL(T).
We further define
(3.3) M :=VrBW,
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By (2.10), we have
(3.4)
ﬂ)( 1)

AWW@WW”«WWW
= (VED)reT OB (O (V)
( 1))trB( Ble-1pM )(3—1@—13(1))(1) . (3—1@—13(1))(n)(B—l)(nJrl)((V—l)tr)(n)
= (VO (=)™,

Thus, by (3.4), we obtain

(35)  Pp=(PL)W = ((@7) (@) HD - (@) HT )W = vl (v

For each n > 1, we further set ¥,, := V~1((II{?))~!. Recall the invertible matrix ¥ from
§2.4.1 and observe, by Theorem 3.1, that
(3.6) U= lim ¥, = V' ((TM)")~!

n—oo

By taking the inverse of very left and right hand side of (3.4), we have
(37) Sn — ((I)tr)(n)(q)tr)(n—l) L. ((I)tr) _ M(n)H;I((V(—l))—l)tr _ M(n)(\l’%_l))tr.

Thus, for any 72 € N, (. € M, resp.) given by 7 = 31_, a;07 (i = Y1_, bic? resp.), using
(2.4), (2.8) and (2.12), we have

ay (n)

(3.8) o "(R) =P, | : and 7"(m) = [by,..., b8, 1.

Ay

3.2. Tensor construction for Drinfeld modules. We use the bases described in §2.3.1
and §2.4.1. Let G = (G,/c.., ¢) where ¢ is as given in (3.1). In this case, the definition of
G2 from (2.15) reduces to

(3.9) GZ =) o) @7(cf) € Ny @ M,,
=0
and Proposition 2.12 reduces to
r—1

(3.10) (1®t) — (t®1))G® = Zaf—"(af) R 7" (O r-ec?) — O e (07) ® 7(c0)

r—1

—Z#”ﬁ () = o(0f) © (),

=0

where the equality in the second line follows from the deﬁmtlon of the basis ¢ in §2.3.1 and
Definition 2.10. Going forward we will denote y := 30 0(d)) ® 7¢(c?). This term has no
dependence on n and thus makes no contribution towards the convergence of the left hand
side, thus we will minimize the notation of these terms throughout the following discussion.

We now wish to move towards viewing these identities as living in rings of matrices over
Tate algebras. To this end, we identify My = Mat;,, Co[t] and identify N, = C[t]" using
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the bases described above. Applying the definition of the 7— and o— action on these bases
detailed in (3.8), formula (3.10) becomes

r—1

(3.11) (1@ — (@ 1)GE =3 Puser @ €180 — 7.

=0
A short calculation shows that both of these (finite) sums are in T} ®@c_ T.

Remark 3.2. We note that we write vectors to the left of the tensor as a column and vectors
to the right as a row in order to simplify notation in what comes next, namely, so that we
can multiply by r x r matrices on the left and on the right of such a simple tensor and it
is clear what that means. To avoid cumbersome notation, we will denote such elements as
living in T} ®c., Ty rather than Tj ®c., Matyy.(Ty).

Our immediate goal is to prove that the right hand side of (3.11) converges in some ring
of Tate algebras as n — oo.

Definition 3.3. Let ¢ € CX. Recall the norm |||, on T/ from §2.2. We extend this norm
to simple tensors a ® b € T, ®c,, T.. by setting

la @ blle = llalle- o],

then extending it to all T, ® T by taking the supremum over all sums involving simple
tensors. It follows trivially from the definition that this is in fact a non-archimedean (or
ultrametric) norm on T, ®c_ T%. In fact, this is an example of a cross norm on the tensor
product of two Banach spaces (see [30, §6] for more details on cross norms). We then form

the completion of T? ® T.. under this norm, and denote the resulting space T? & T".

Lemma 3.4. For a,,b, € T, the sum of simple tensors

o0

Zan@)bn

n=0
converges in T@g if and only if ||a, ® byll. — 0 as n — oo.

Proof. First, note that the sum > a, ®b, trivially diverges if ||a,, ®b,||. does not converge
to 0. On the other hand, if the individual simple tensors do converge to 0 in norm, then the
convergence of the series follows from the ultrametric triangle inequality. O

3.3. The element «,,. Our main goal in this subsection is to define an element «,, € T"®T"
for each n € Z>, which will be useful to interpret the RHS of (3.11) in terms of matrices
II,, and W, in (3.10). Recall the matrix B from (3.2) and set © := det(B) and write
B7t = L(c;i);; where ¢j; is the (j,i)-cofactor of B. By the construction of B, for each

)
1 < ¢ <r, we obtain

—¢?2 if r is even
3.12 Crp = rt
(3.12) : {cgé if r is odd.



MELLIN TRANSFORM FORMULAS FOR DRINFELD MODULES 21

Since &, ..., &, are elements in ¢[f], we have
0 1
(3.13) BY = . B.
1
0k kr—1
Er Er By
This relation shows that
9@ . .
= if r is even
3.14 D1 = { kr
( ) {—i—? if 7 is odd.
Hence, for each m > 0, we have
k%+q+-<-+qm_1 m . .
(3.15) (B-Ym = § o (G Ji if s even

Tgto g1 m o
(—1)m9k1:q+_,_7_1©(c?i )ij  if ris odd.

For any positive integer n, in what follows, we define «,, a quantity related to the right-

hand side of (3.11) without the v term and after factoring out Hg_)l on the left and (\I/%_l))tr
on the right,

= (M=) @ () 4 Fr=(=2) (1) (=02, g )4
Fln=(r=2) pl—(=3) ({=1) (==, @ b M) ... 4
FO=0-2) PO (1) We, @ oM™ € T @ T7

The precise relationship between (3.11) and «,, will be given in (3.23). We further define
another quantity

(3.16) B:= (M H ey @ "M 4 M~le; @ e M2 4 (M H)Wey @ et , M2
o (MY e @ )

1 1
- B7le, @ kY BCY 4 —(B™HYWe, @ (ky_1, k,, 0,...,0)BU D

LY kv
1
(BT P (K Ky K0, 0B ot
1 . P
k(H)(Bfl)(r*l)eT@(k‘f K ETBr Y e TR T

Remark 3.5. Important Notational Comment: Since ¢? (0 resp.) forms a C.[t]-basis
for M, (for N, resp.), we conclude that {07 ® cf} for 1 <i,j7 <rforms a Cy[t] @ C[t]-basis
for My ®c. Ny. We then tensor this with T and view T ®c_ (My ®c,, Ny) = T" @¢,, T"
as Mat,,(T) with a T-basis given by {0 ® cf} as above. Thus, there exists a bijection
f:T"®T" — Mat,«.(T) sending each

gzzbijO?@)C?ETT@TT

ij=1
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to f(g) := (b;;) € Mat,«,(T). However, we are especially interested in using this notation in
the case of an element, such as  given above, with g € C,, ® C_ € T" ® T". In particular

we have
f (Zaf’@@cj’) .
=1

Throughout the remainder of this paper we will often omit the map f from our notation
when it does not cause confusion. For example, we will view «,, and [ as matrices over T
and C, respectively.

Recall the matrix M defined in (3.3). The next lemma will be crucial to determine the
limiting behavior of a,.

Lemma 3.6. For each 2 < j <r and a matriz J € Mat,.(T) whose each entry has norm
less than 1, we have
lim JOMH ey @ el (MM =0.

n—oo

Proof. For each 1 <i <r —1, let
Fi:= (B )¢, @ (K7,

r—io

.y kgfll, kr, O, e 7O)B(7’—1)‘

Since, by assumption, |k < 1 and k, € F, after a simple calculation and using Lemma

3.4, it suffices to show that log,(||F;|) < 0 for each i. Note, from (3.14), that [D| = ¢/~
Finally, for any 1 <y < r, since §, is a f-torsion point, one obtains

i—1  r—1 i—1 r+i—2 r+i—1 i—1  i—1 i1 i—1 r—2
ki & TR ARG =0T G k] & — =KL
Since |k;| < 1, we see that
i—1
i1 1 i—1  p4i—2 r4i—1 i— q
g (K261 o R g < g

Similarly, a direct calculation implies that, for each 1 < v < r, || is bounded by
¢ttt (g — 1), Combining all these facts above, we obtain

q ¢+ gt - ¢!
1 Fi) < — g 4
og (1) < L+ T — gty L
- 1 .
:—(1+q+-~-+qz_1+—q_1>+1+q+---+q1_2
l+q+-4+¢7+¢++¢" i-1
L 1ta ¢*+q ¢y
qg —1 g —1
=0
as desired. 0

By [24, Thm. 3.29], we have F' = 1d, +F where each entry of F € Mat,»,(T) has norm
less than 1. Thus, by choosing § = F' in Lemma 3.6 and using the definition of «,, and g,
we have

(3.17) o= lim a, = lim g2

n—o0 n—oo

if and only if lim,_,., 5~ ("=2) exists. The main goal of this section is to prove the existence
of this limit and hence, as a consequence, our next theorem.
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Theorem 3.7. In T" ® T", we have

T
o= be’ ® c?.
1=1

In other words, via the identification in Remark 5.5, a = 1d,.

3.4. The proof of Theorem 3.7. The proof of Theorem 3.7 occupies §3.4.1 and §3.4.2.
Our main strategy, as it will be elaborated in what follows, is to show that § = Id,. Note,
as it is used in the proof of Lemma 3.6, that since &, ..., &, are elements in ¢[f], we have

(3.18) BE o b = 08 — Rl — o — kil

forany2<i<rand1<j<r.

3.4.1. Even rank case. Let us set r = 2n for some positive integer n. By using (3.14), (3.15),
(3.18) as well as the definition of § given in (3.16), we obtain

(-1)
0 o o . k() kS
C(2n)1 q g2n1 1 kL ke ' kaps
kS Compr - Y 0 0 e — 0
c 7:1 2n—1 Kon konkd k2nkgn_3
1 kf(in? cl(12n)2 o C((]2n)2 — ; — 01+q1 _T
/B = 5 2n k;+q . . B
01l+a .
‘2 ;(2 ) q 2”;1 X k%+.4.+q2n—4k({2n—3
W0 Cemen o Cenen) s
2n k1+_‘_+q2n—3

_91+...+q2n73 O

Let us set B := 3B~ Our goal is to show that B = B~!. Firstly, by (3.12) and a simple
calculation, the first and last column of B and B~! are equal. Hence 8 = B! when n = 1.
Now assume that n > 1. Note that (3.13) also implies

(3.19)
0 1 .
“Clann €21 ... C@2n-1)1 C(2n)1
. q
1 ~Clan)2 €2 ... C(2n—1)2 C(2n)2
(BY)™! 3 —B'=—
‘ D
L —c ¢ ¢ ¢
_0 ki _ kan—1 (2n)(2n) *2(2n) - -- (2n—1)(2n) ©(2n)(2n)
T R e e =
For each 2 <m < 2n —1 and 1 <1 < 2n, we claim that
(3.20)
2n)zk1+q+ +qm? k:i}m 2 (2nzk1+q+ qm 3 kgm 3 Qn)z k1+q+ A+t
fmi = Grtat-+qm =2 + Plt+a+-+qm 2 + Gl+at-+qm3 Tt

2
koo cl(12n)i Ko km— c((IQn)i
e g )
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q2 q
When m = 2, we have ¢y; = _fmifen klcg"”. Assume that it holds for m. Note, by (3.14)
and (3.19), we have

ko Fm C((]2n+1)i
Clm+1)i = 0 0

Using the induction hypothesis, we obtain

q
Cmikion kmc(2n+1)i

Cim+1)i = ) - 0
m+1 1 m—1 m— 1 m—2 m—2 1 m—3
k ekt X flratta X k ekt
+ 1 2n)z 4 2 (2nz + 4
o 91+q+ +gm=1 P1+a+- +qm—1 Pl+a+- +qm—2
2 2
q 1+q q q
Ko —2¢ 2n)lk km—lc(2n)ik2” n Ko c2n+1)
f1+a+q? Hl+a 0

which proves our claim. Note that the right hand side of (3.20) is the (i, m)-entry of B. This
immediately implies that B = B~! and hence we have 3 = Idy, . Furthermore, by (3.17), we
obtain a = 327", 07 @ 7.

3.4.2. Odd rank case. Let us set r = 2n+ 1 for some positive integer n. Using (3.14), (3.15),
(3.18) and the definition of 5 given in (3.16), we see that

(2n41)1 d CqQ”
LD (2n+1)1 e (2n+1)1
2n+1
¢(2n+1)2 ¢ c112"
g 1 kéni)l (2n+1)2 ce (2n+1)2
£3)
‘entn@Enty g c n
1 e
kén-;-)l (2n+1)(2n+1) (2n+1)(2n+1)
(-1)
0 DI . .. . .. k 0 k2n+1
LN ky kan—1
1 ; ] - 5 0
_kongr komp k{ _ kontikon—2
0 01+tq ol+q
X B.
2n—3 2n—3 2n-—3
kamii " kamii © K]
91+4..+42n73 o1+ +q2n—2
plo+a®n T2

_ M2n+1 O
91+,,4+q2n—2

Consider € := BB~!. Our goal is to show that € = B~!. Firstly, by (3.12) and a simple
calculation, the first and last column of ¢ and B~! are equal. On the other hand, similar to
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(3.19), observe that, by (3.13), (3.12) and (3.14), we have
2
cg%n-i-l)l —c3 e _c?2n)1 c((12n+1)1
ko1 cl(12n+l) —022 e _C((12n)2 c((12n+1)2
3.21 X
2 o z z z :
2
_c((12n+1)(2n+1) _cg(2n+l) _c((IZn)(Zn-ﬁ-l) _c((12n+1)(2n+1)
0 1 .
Comtyt €21 - Cin C(2n+1)1
1 c((12n+1)2 €22 s C(2n)2 C(2n+1)2
)
1
9 kL ko c((]2n+1)(2n) ©2@2n+1) -+ (@2n)(@2n+1)  C(2n+1)(2n+1)
kany1  kanyr T kan+1

For each 2 <m <2n and 1 <i <2n+ 1, we claim that

m—1.q" 1+q+-4qm 2 m7.a" 2 g™t gt 4™ 3
(3 22) - (_1) c(2n+1 k2n+1 I ( ) k c(2n+1 k2n+1
. mt 01+q+ +qm 2

Gltat+gm=2
mA1pa" " " gt 2m—41.9°> .¢° 1+q
+( 1™k Cant1)ikant1 . +( 1) Ko 3c(2n+1)zk2n+1
Gltat++gm=3 fl+a+q?

2
(_l)zm_gk;}nﬂcénﬂ)ik?nﬂ " (_1)2m_2km—1cq

(2n41)i
* g 0 |
When m = 2, we have
2
Co = _c?2n+1)ik2”+1 t (2n+1)i
t 0 0
Assume that it holds for m. Note, by (3.21), we have
i1y = _C,quénﬂ kmc‘(]2n+1)i
m (2 0 0
By the induction hypothesis, we have
Cni Ko c (2n+1)i
Clmtl)i = = T ————
0 0
m m-+1 1 m—1 m m—1 1 m—2
s o ol e
Gltat-+gm-t fGl+a+-+gm=1
m m—2 m—1 1 m—3 m— 3 1
(D)™ k5 clypinyikonis (=12 2kl ayikan
+ oLt —+qn—2 oo gl+a+q3
m— q 1 m— 2 m
N (—1)>"2kL, —oConiyikania N (=12 ko 1yibiznt N (= 1)kl i1y,
fl+a+q? H1+a 0

which proves our claim. It is easy to see that the right hand side of (3.22) is the (i, m)-entry

of €. Therefore € = B~ and thus we have 8 = Idy,,;. Furthermore (3.17) now yields
a="" e ©0f as desired.
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3.5. Formulas for the logarithms. Recall the identities given in (3.5) and (3.7). Observe,
by (3.8) and (3.11), that

(3.23)

r—1

(1@t) = (t@1)GE +7 =Y Puser De}S,
=0

_ VtrHELl_)r(M—l)(n—(r—l))el ® e:rm(n)(\p%—l))tr

+ VtrHS_)(,,,_l) (M—l)(n—(T—Q))el ® e:.r_lm(n)<\llg—l)>tr N
+ VUL (M) ey @ e ™ (@)

— Vtrﬂillran(qlgfl))tr

where the last equality follows from HSEZ = HSZTF (n=(r=2)) ... p(=(*=1)  Hence, using The-
orem 3.1, Lemma 3.4 and Theorem 3.7 yields the following result.

Theorem 3.8. In T; @ T", we have

lim ((1®t) — (t®1)G? +) = VITWa (gD,

n—o0

We are now ready to prove the main result of this section.

Theorem 3.9. Let z € C be an element in the domain of convergence of log,. Then, we

have
M 1 r T T —
10g¢(z) = 51’; <met1 Vt Tftlie(\ljt )( 1)> .
Proof. Let
r—1
(1@1) — (@ 1)GE+7 =3 0" () @ 7 (O rr-ic?)
£=0
Cll Crl
= ®@mh,smd ot @] €T T
<17” CT’?"

By Theorem 3.1(i) and (3.8), we see that for each 1 <,7 < r, (;; is well-defined at t = 6.
Moreover, by the definition of (5év ¢_map, we have

(3824) Y 8" (0" OO

= ((Gi)lemomir + -+ + (G limomen) € + - 4 (Go)lemomir + -+ + (Got) l1=omyr) €2
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Finally, by Theorem 2.9, Theorem 3.8 and (3.24), we obtain

r—1
. M 1 Ny —n n
log,(z) = lglgo 014 (m by’ (o (@) (@qs,rf—vcf))

1
=0 (t L (Z (7" (D)7 (9@7“”5?)))

M, 1 T T I
-3t (e )

and the result follows from the identification of o = Id, given in Theorem 3.7. U

By specializing the value z at certain prescribed points, we may conclude that the left-
hand side of Theorem 3.9 evaluates to a Taelman L-value (see [31] for more details). We
further evaluate terms on the right-hand side to show that it includes periods and exponential
functions which also indicates that our next result may be interpreted as a Mellin transform
formula for Taelman L-values.

Recall the fundamental periods Ay,..., A\, € CZ of ¢ defined at beginning of the present
section and f; = s4(\;;t) introduced in §2.3.1.

Corollary 3.10. Let ¢ be a Drinfeld module as in Theorem 1.1 so that each k; € Fy and
let T = (A1,...,\) be a vector of fundamental periods of ¢. Then we have

L(6",0) = b1 (ﬁf@“)(‘”) -

Proof. Let us set m := {z € K, | |z| < 1}. Then we have Koo = m @ A. Note that, by

[24, Cor. 4.5], the radius of convergence of log, is ¢ 7 Hence, log,(1) is well-defined and
m is in the domain of convergence of log. Moreover by [5, Thm. 3.3], one can calculate the
logarithm coefficients of ¢, which yields the fact that log, (m) Cm.

To proceed, we define the A-module H(¢/A) given by the quotient

$(Ko)
expy(Koo) + ¢(A)

Here, by ¢(K) and ¢(A), we mean the A-modules K, and A equipped with the A-
module structure induced from ¢. Since exp, is the formal inverse of log,, we now see
that expy(Ko) 2 m. Thus, expy(Ko) + ¢(A) 2 ¢(K), implying that H(¢/A) is trivial.
On the other hand, if we set U(¢/A) := {u € K |expy(u) € A}, by [9, Thm. 1.10], we
know that U(¢/A) is an A-module of rank one. Indeed, since the norm of log,(1), being
equal to 1, is minimal among the elements of U(¢/A), we obtain that U(¢/A) = Alog,(1).
Thus, by [31, Rem. 5, Thm. 1] (see also [7, §3]), we obtain L(¢",0) = log,(1).

On the other hand, observe that ¢{"V"™ = (ki,..., k). Then, we find that for 1 <i <r,
the i-th entry of e"V*"YT® is given by

e f ko fP 4 ke f = (1= 0)

H(¢/A) :=
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by Proposition 2.3. Therefore evaluating this at ¢ = 6 gives Resy f; which equals —\; by [,
(3.4.3)]. Putting this all together gives

vy — 7
The result then follows from Theorem 3.9. [l

Remark 3.11. At the present, we do not know if our formulas provide a connection between
Drinfeld modular forms and L-series. However, there are some hints in this direction provided
by the case of the Carlitz module. In this setting, our formulas give

012(=72) = Ca(1).

In seeking to connect the LHS of this formula with a Drinfeld modular form, we are inspired
to write  in terms of the commonly used Drinfeld modular form uniformizer, u(z) :=
1/ expo(7z). We then write

. % o 7\
1/9( 1) :wC:eXpC (Q—_t) :Zexpc (91+1)t

=0

Thus the reciprocal of Q=Y can be written as a sum of u(z) evaluated at certain powers of 6.
This construction is somewhat forced, and seems unlikely to lead to a meaningful connection
with Drinfeld modular forms in our opinion. More natural is to do the following. Recall the
adjoint of the Carlitz module, C}(z) = 0z + 2/9 (see [1%, §3.7]). It comes equipped with an
exponential function expy(z) which satisfies

0 exp(z) = expe(Cp (2)).

Formally, C* also has a logarithm series logg., which is the formal (fractional) power series
inverse of exp{,, which satisfies

Ci (logg(2)) = logg(62).

However, this construction produces a power series with 0 radius of convergence! If we had a
way to rigorously construct the function logg,, it should produce a function with a free rank
1 period generated by an element 7*, and we would use this to define

7T*
t) = logt [ ——
ot = 1ogi: (7).
and we would have that both ¢(¢) and € satisfy
tg(t) = Cylg(1)), 192 =Co(Q).

Thus the two functions are equal up to normalization. Finally, we use this identification to
rewrite our main theorem

(o]
01 (—7) = 615 (=7 > logl (w6~ E).
=0
We anticipate that there seems to be a more natural connection between the logarithm
function of the adjoint Carlitz module logf, (see [18, §3.7]) and Drinfeld modular forms.
However, we are unsure how to make this connection rigorous, so this is a topic for future
study.
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4. LOGARITHMS OF TENSOR PRODUCT OF DRINFELD MODULES WITH THE TENSOR
POWERS OF THE CARLITZ MODULE

Throughout this section, we fix a positive integer £ > 1 and let ¢ be a Drinfeld module
given by

Go =0+ kT4 + k.

We further emphasize that unlike §3, we do not require any conditions on ¢. Hence, in this
case, unlike the situation in §3, n4 may not be equal to one.
We examine the case where our Anderson t-module is chosen to be ¢ @ C®* = (Grkg1 . P)

detailed in Example 2.2(iii). We remind the reader of the bases described in §2.3.3 and

§2.4.3.
Consider the matrix r(k—1)

9 0 ... 0 7 0 ... 0 7KV

Tk‘ij)
T qu(n_l)
. tr .
Ti=pm = |1 " 0

1 0

Thus, we have t - g = Tg and ¢ - h = (T*)"h. In this case, we write

[0 ... .. 0]
0 .. 0
Opr=|T
.
_le e kpT ke 0 ... O_

where we note that the first r(k — 1) 4+ 1-rows of O, . are zero. Furthermore, the formula
given in (2.15) for the t-module p, which we denote as G}/, reduces to

n rk+1 .
G?n ZZO‘ ¢ ®T (95)-

=0 j=1

By Proposition 2.12, we obtain the following.
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Proposition 4.1. We have

(41) A@t—t@ )G, =0 " (h@g-1)42) @ T g) + -+ o (b)) @ T (g1)
r+1
+ Uﬁn(hrk+1> ® TnJrl(c ) Z (h (k—1) +y ® gj-1 — Zk rlc+1 ®g_]

Jj=2

4.1. The element 7,. Our goal in this subsection is similar to what we aim in §3.3. More
precisely, we define an element 7, € T" ® T" for each n € Z>; which we use to interpret
(1®t) = (t®1))Gy, € T"®T" in terms of matrices I, and W, in (4.5). Let us set

0 kY RSP R
V= 1(2) € GL,(Cy).
0 kY
1
Then we have
0y P (k—1)+2
(42) ‘7 == and [917 vy Gr—1, Cl] - [Ch ety CT](V(_I))_I'
0, Dk

Let ¢; € Mat, «1(F,) be the i-th unit vector. For any positive integer n, we now consider

Ny 1= (Mfl)(n)a?tr)(n)el ® etlr(((f/(fl))*1>tr)(n+1)M(n) 4ot
(M_l)(”)(f/tr)(")er ® e:f(((‘7(_1))_1)“)(”“)3\/[(”) ceT" ®T.
Observe that
M= (MTHD VT (e @ el 400 e, @) (VHT) WM™,
Thus, since ¢; @ e + -+ +e¢, Qe =7, = 22:1 0; ® ¢;, we finally obtain our next theorem.
Theorem 4.2. We have

n—oo

n:= lim n, = Zbi ® ;.
i=1
In particular, via the identification in Remark 3.5, n = 1d,.

To simplify the notation, from now on, we set N, := Nygcer and M, := Mygcer.

4.2. The structure of 5év “-map. In what follows, we analyze the behavior of (5év ? which
is necessary to prove our main result. In particular, we define an explicit isomorphism of
Coo[t, o]-modules which allows us to compute the values of the map 5év ?. For more details
on such construction, we refer the reader to [12, §A.2].
Consider the C[t, o]-module N := Mat(rt4+1)(Coolo]) whose Cy[t]-module structure is
given by
ctt n = cnppi, c€Co, neN.
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For any 1 <i <rk+1, let §; € Maty«(k11)(IFy) be the i-th unit vector. For any 1 <i <r,

we set n; = f(i—1)1i41 € N. Note, as it is already observed in [12, (83)], that we have
(t — 6)"n, = f; and for 1 < p < k, one obtains (¢ — 0)*#n; = §,(,—1)4i4+1. Furthermore, a
direct calculation implies that the set {ny,...,n,} forms a C,[t]-basis for N.

There exists a C[t, 0]-module isomorphism ¢ : N, — N given by

' (Z tjhr(k1)+j+1> =, T, € Colt].
j=1

We further define certain elements v;; € C so that

V1r
V2(r-1) 0

vl —
’Url PP PP v’r('f‘fl) 0

This implies, by (4.2), that ¢(0;) = vy,n, and for 2 < ¢ < r, we have
L(0¢) = Ve(r—t4 1)W1 + 0 F Vg Bt
Thus, by the definition of &, if n = > i1 (> aje(t —6)°) d; € N, then

*

*

N, AroUr1
(4:3) %" (n) = D i—r—1 G052
j=r—

”
Zj:Q ajoUj(r—1)
a10V1r

Since (t — §)**'N, C oN,, the map §,” may be calculated similarly at o~‘(n) for any
non-negative integer /.

4.3. Formulas for the logarithms. Recall the matrices P,, and §,, from §3. Since, the
Drinfeld module ¢ is arbitrary, the matrix B chosen in [24, Thm. 4] is different than we
have defined in §3.1 (see [24, Thm. 3.29]). However, since our calculations in (3.5) and (3.7)
are not affected by this change, we still have

P = (PO = (@) (@)D (@) TH ) ® = VY, (v
and
S, = (q)tr)(n)@tr)(nfl) . (q)tr) — M(n)ngl((v(fl))fl)tr — M(n)(\p(fl))tr'
For each k£ > 1, we further set
PEo= (t—09)F (£ — 07 R,

and

8= (t —0)F(t — )~ .. (t —07")FS,,.
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Thus, for any 2 € N, (i € M, resp.) given by 7 = >1_, a;0; (i = Y1_, bic; resp.), using
(2.7), (2.11) and (2.12), we have

(4.4) o () =Pk | and 7"(m) = [by,...,b]™8k

n—1-

Put 7 := Z;S o (hr(h-1)15) @ gj—1+ D5, k§_1)0(hrk+1) ® g;. Then, by using (4.1) as well
as the definition of c— and 7— action on IV, and M, respectively, we have

(4.5)
(lot—to )Gy, +7
=0 " (hr(p—1y42) @ T (g1) + -+ 0 (M) @ 7" Hgro1) + 07 (hyws1) @ 7" (e1)

rn+1
Z o "(hu)T"(9 tr@tr i)
"

-1
= PEU) Moy @ e (VD) 1)t Dgk ooy PR () (g (V1) 1)yt gk
(t — gq)—k e (t — gq”)—kvtrl—[gl_)mn(\p —1))tr(t _ G)k(t _ eq)k o (t . eqn)k

| 5)

n -1 k n
— t r — r
(1) ((—HW (- 5) ) VLD, (0 ) ( ] (1
Using Theorem 3.1, (3.6) and Theorem 4.2, we can now easily obtain the following result.

=1 1=0

Theorem 4.3. We have

rn+1
; _ ® n tr tr — kEytrAp(1) (gptry(—1
nlgglo ((1®t t®1)Gk7n+7 r}grgo <Za h,) 0, fu)) (=1)PVEYr(wT)

Before we state the main result of this section, we define ¢; := vy,.¢}" and for 2 < j < r,

we set
T

&= ) Vi—-1)el-
i=j
Recall the projection p; : C™¥+1 — C_, onto the i-th coordinate as well as the entire functions

F..:Cyo — C, for each 1 <7 < r — 1 defined in §3. Recall also the fundamental periods
AL, -, A of ¢ defined in §3.

Theorem 4.4. Let z € C'*L be an element in the domain of convergence of Log,. Then,
for any 1 < j <r, we have

—1 k~ T Tt (—
i (Lo, @) = 014 (L 6V D) ¥ )

~k
M, ™ ~ 1 rtr (=
= 61,z (—wk ; eth (T(l))ltze(qjt )( 1)) ]
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In particular, we have

prk—i—l—(j—l)(Lng(Z)) =
5% (g s A () (D) ifj=1
G- (A1), - - 7FTrf(a‘fl)()\r))(\I/tr)(flv if2<j<r

M, ik
51,z wé(t—@) (Ffﬂ"*
Proof. Let
r—1
(Iot—te)GP, +7= Z o " (hre—1yes1) @ T (g0) + 0 (hyks1) @ T (e1)
/=1
rn+1
=D o ()7 (8" f)
pn=1
511 grl
= ®W)11,...7¢1T]—|—..~—|— ®[¢7_1,...,77/)T7,]E?]I‘7‘®T7~‘
Err

glr
Again by Theorem 3.1(i) and (3.8), we see that for each 1 < i,j5 < r, §; is well-defined at

t = 0. Moreover, by the definition of 5év ’-map given in (4.3), we have

rn+1
(4.6) Y 6 (0 " (hy)T" (8" O F) =
pn=1
Zgz(ijl)(glﬁfievgz (11614 - A1)+ -+ Zgz(fijl)(gmeﬁﬁevn (Pricr -+ 0mer).
> =2 (&) le=ovj(r-1) D =2 (&ri)le=0vj(r-1)
(67“1) |t:9vlr

(§11) |i=0v1,
Thus, similar to the situation in Theorem 3.9, the first assertion follows from Theorem 2.9,

Theorem 4.3 and (4.6). The second assertion mainly follows from the definition of T and .
For the last assertion, observe that the identity (V~1)"V*' = Id, implies

. ki,.... k) ifj=1
§ Ut (trl ) =1
¢, (-1 if2<7<r.
Thus, the desired result follows from the first assertion and [/, (3.4.3), (3.4.5)]. O

Let ¢ be a Drinfeld module of rank 2 given as in (1.4) such that ki, ks € F,. In what
follows, we briefly explain how our formulas in Theorem 1.5 are related to special values of
Goss L-function of ¢ defined in (1.6). Let us consider the Drinfeld module ¢ given by

Go =0 — kiky '+ ky ' 77
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By [I1, Rem. 5.6], we know that L(¢,1) = L(qgv, 0). Now, for k > 1, let z; € Mat(ap41)x1(Fq)
be the i-th unit vector. Using [/ |, Thm. 5.9], we have

_ por(Log,(z2r))  par(Log,(z2k+1))
Lig k+1) = det [szH(Lng(sz)) p2k+1(Lng(Z2k+l)):| '

Set p = gg® C®*. Thus, one can obtain the following corollary of Theorem 4.4.
Corollary 4.5. Let k and z; fori = 1,2 be as above. We have

L(gk+1) =

01t (e (Fr (), P2 00 (9E) D) 6M (wgg () Fr(22)) (W)
0 (g (A =) (D) ol (g (- =) ()Y

1,291 k(t—0)
where U ; is the matriz defined as in (1.5) with respect to ¢ and F : Coy — Cq is the unique
entire function satisfying

det

F.(02) — 0F,(2) = expg(2)?
forall z € Cy,
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